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Abstract 

We classify the smooth projective symmetric G- varieties with Picard num- 
ber one (and G semisimple). Moreover we prove a criterion for the smooth- 
ness of the simple (normal) symmetric varieties whose closed orbit is com- 
plete. In particular we prove that, given a such variety X which is not 
exceptional, then X is smooth if and only if an appropriate toric variety 
contained in X is smooth. 
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A Gorenstein normal algebraic variety X over C is called a Fano variety 
if the anticanonical divisor is ample. The Fano surfaces are classically called 
Del Pezzo surfaces. The importance of Fano varieties in the theory of higher 
dimensional varieties is similar to the importance of Del Pezzo surfaces in the 
theory of surfaces. Moreover Mori's program predicts that every uniruled variety 
is birational to a fiberspace whose general fiber is a Fano variety (with terminal 
singularities). 

Often it is useful to subdivide the Fano varieties in two kinds: the Fano 
varieties with Picard number one and the Fano varieties with Picard number 
strictly greater than one. For example, there are many results which give an 
explicit bound to some numerical invariants of a Fano variety (depending on the 
Picard number and on the dimension of the variety). Often there is an explicit 
expression for the Fano varieties of Picard number one and another expression 
for the remaining Fano varieties. 

We are mainly interested in the smooth projective spherical varieties with 
Picard number one. The smooth toric (resp. homogeneous) projective varieties 
with Picard number one are just projective spaces (resp. G/P with G simple and 
P maximal parabolic). We classify the smooth projective symmetric G- varieties 
whose Picard group is isomorphic to Z (with the hypothesis G semisimple). One 
can easily show that they are all Fano, because the canonical bundle cannot be 
ample. 

In [13] there are some partial results regarding the classification of smooth 
Fano projective symmetric varieties with Picard number greater than one and 
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low rank. See also [TT] for a classification of the smooth projective horospherical 
varieties with Picard number one. 

Let G be a connected reductive algebraic group over C and let 9 be an invo- 
lution of G. Let i7 be a closed subgroup of G such that G*^ c H c Ng{G'^)- We 
will say that a normal equivariant embedding of G / H is a symmetric variety. 
Any symmetric variety can be covered by open G-subvarieties which are simple, 
i.e. have one closed G-orbit. In Section One we recall some known facts about 
symmetric varieties and we fix the notations. In Section Two we give a crite- 
rion for the smoothness of the simple symmetric varieties whose closed orbit is 
complete (see Theorem 12.11 and Theorem 12. 2p . It is easily showed that every 
complete symmetric variety is covered by simple open symmetric G-subvarieties 
whose closed orbits are complete. We generalize the results of Timashev (see 
[T5] ) and Renner (see [T^]) on the equivariant embeddings of reductive groups. 
The idea of the proof is the following one. First we reduce to the affine case, 
though there are some technical problems when the variety is exceptional (see 
[5] for a definition of exceptional symmetric variety). Given an afhne X, we 
define a toric variety T ■ xq contained in X and we prove that X is smooth if 
and only T ■ is smooth. In such case we relate the combinatorial description 
oiT ■ Xo to the colored fan of X (see [3] for a definition of colored fan). 

In Section Three we use the previous criterion to classify the smooth com- 
plete symmetric G-varieties with Picard number one and G semisimple (see 
Theorem 13.11) . We do not classify directly the projective smooth symmetric 
varieties with Picard number one because there is a combinatorial classification 
of the complete symmetric varieties, but it is not so easy to say which ones are 
projective. We prove that the smooth complete symmetric varieties with Picard 
number one (and G semisimple) have at most two closed orbits. Because of this 
fact we easily prove that they are all projective. Observe that all the simple 
complete symmetric varieties are projective by a theorem of Sumihiro. 

1 Notations and Background 

In this section we introduce the necessary notations. The reader interested 
to the embedding theory of spherical varieties can see [3] or [1^]. In [T7j is 
explained such theory in the particular case of the symmetric varieties. Let G 
be a connected reductive algebraic group over C and let 6 be an involution of 
G. Let F be a closed subgroup of G such that G^ C H C Ng{G^). We say 
that G/H is a symmetric homogeneous variety. An equivariant embedding of 
G/H is the data of a G- variety X together with an equivariant open immersion 
G/ H ^ X . A normal G- variety is called a spherical variety if it contains a dense 
orbit under the action of an arbitrarily chosen Borel subgroup of G. One can 
show that an equivariant embedding of G/iJ is a spherical variety if and only if 
it is normal (see [5], Proposition 1.3). In this case we say that it is a symmetric 
variety. We say that a subtorus of G is split if 9{t) = for all its elements 
t. We say that a split torus of G of maximal dimension is a maximal split 
torus and that a maximal torus containing a maximal split torus is maximally 
split. One can prove that any maximally split torus is 9 stable (see |16j . Lemma 
26.5). We fix arbitrarily a maximal split torus and a maximally split torus 
T containing . Let Rq be the root system of G with respect to T and let 
Rq be the subroot system of the roots fixed by 9. We define Rq = Rq \ Rq- 
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We can choose a Borel subgroup B containing T such that, if a is a positive 
root in Rq, then 9{a) is negative (see [S], Lemma 1.2). One can prove that 
BH is dense in G (see [S], Proposition 1.3). Let D{G/H) be the set of i?-stable 
prime divisors of G/H] its elements are called colors. Since BH/H is an affine 
open orbit, the colors are the irreducible components of {G/H) \ {BH/H). We 
say that a spherical variety is simple if it contains one closed orbit. Let X be 
a simple symmetric variety with closed orbit Y . Let D{X) be the subset of 
D{G/H) consisting of the colors whose closure in X contains Y. We say that 
D{X) is the set of colors of X. 

To each prime divisor D of X, we can associate the normalized discrete valu- 
ation vd of C{G/H) whose ring is the local ring Ox,d- One can prove that D is 
G-stable if and only if is G-invariant, i.e. wd(s'/) — VD{f) for each s G G and 
/ G C{G/H). Let N be the set of all G-invariant valuations of C{G/H) taking 
value in Z and let N{X) be the set of the valuations associated to the G-stable 
prime divisors of X. Observe that each irreducible component oi X \ {G/H) 
has codimension one because G/H is affine. (To define N{X) we do not need 
that X is simple). Let S := T/ T Ci H c:i T ■ xq, where xq = H/H denotes the 
base point of G/H. One can show that the group C{G/H)^^^ /C* is isomorphic 
to the character group x{S) of S (see [T^, §2.3); in particular, it is a free abehan 
group. We define the rank of G/H as the rank of x{S)', it is also equal to the 
dimension of S. We can identify the dual group H orm{<C{G / H)'^^'^ / <C\1) with 
the group x*{S) of one-parameter subgroups of 5; so we can identify x*{S) "XiK 
with H omz{x{S) ,^) ■ The restriction map to C(G/iJ)(^VC* is injective over 
N (see i3j, §3.1, CoroUaire 3), so we can identify N with a subset of x*{S) ® 
We say that N is the valuation semigroup of G/H. Indeed, N is the semigroup 
constituted by the vectors contained in the intersection of the lattice x*('S') with 
an appropriate rational polyhedral convex cone CA^, called the valuation cone. 
For each color _D, we define p{D) as the restriction of to xk^)- In general, 
the map p : D{G/H) — > x*{S) (X) M is not injective. 

Let G{X) be the cone in x*{S) K generated by N{X) and p{D{X)). We 
can recover N{X) from G{X). Indeed N{X) consists of the primitive vectors 
of the one-dimensional faces of C{X) which intersect N (we say that a vector 
V S x*('5')\{0} is primitive if an equality v = av', where v' is a vector in x*{^) 
and a is a positive integer, implies a — 1). We denote by cone{vi, ...,Vr) the 
cone generated by the vectors vi,...,Vr. Given a cone G in x*{S) ® R and a 
subset D of D{G/H), we say that (G, D) is a colored cone if: 

(i) G is generated by p{D) and by a finite number of vectors in TV; 

(ii) the relative interior of G intersects CN. 

Proposition 1.1 (see [3j, §3.3, Theoreme) The map X {G{X),D{X)) 
is a bijection from the set of simple symmetric varieties to the set of colored 
cones. 

Given a symmetric variety X (not necessarily simple), let {Yi}i,=i be the 
set of G-orbits. Observe that X contains a finite number of G-orbits, thus 
Xi :— {x G X \ G ■ X D Yi} is open in X and is a simple symmetric variety 
whose closed orbit is Yi. We define D{X) as the set [J-^j D{Xi). The family 
{{C{Xi), D{Xi))}i^j is called the colored fan of X and determines completely 
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X. Moreover X is complete if and only if CN C [j^^jC{Xi) (see [3], §3.4, 
Theoreme 2). 

Proposition 1.2 (see [3], §3.4, Theoreme 1) A family {{Ci, Di)}i(zi of col- 
ored cones is the colored fan of a symmetric variety if and only if 

(i) given a colored cone {C , D') such that C is a face of Ci^ and D' is the 
set {D G Dig \ p{D) G Cig] for an appropriate io S /, then (C, D') belongs 

to {(a,A)W; 

(ii) the intersections of CN with the relative interiors of the Ci are pairwise 
disjoint. 

We recall the description of the sets N and p{D{G / H)). Before that, we 
need to associate a root system to G/H. The subgroup x{S) of x(^^) "^'"^ 
finite index, so we can identify x{T^) ® ^ with x{S) ® R- Because T is 6- 
stable, 9 induces an involution of x(T) ® M which we call again 6. The inclusion 

C T induces an isomorphism of xC^^) ^ with the (— l)-eigenspace of 
X{T) ® R under the action of (see [H], §26). Denoted by Wg the Weyl 
group of G (with respect to T), fix arbitrarily a VFc-invariant inner product 
( •, •) over x(2^) "X" R which coincides with the product given by the Killing form 
over spanTsi{RG)- We denote again ( •, •) the restriction of this inner product to 
X{T^) ® M. Thus we can identify xiT^) •» K with its dual x*iT^) ® The set 
Ra g ■= {p - e{l3) I 13 G Rg]\ {0} is a root system in x{S) ® K (see [IT], §2.3 
Lemme), which we call the restricted root system of (G, 9)] we call the non zero 
(3 — 9{j3) the restricted roots. If G is semisimple, then the rank of G/H is equal 
to the rank of Rg,9, i-e- the dimension of span^{RG,9). Usually we denote by 
P (respectively by a) a root of Rg (respectively of Rg^b)] often we denote by 
vj (respectively by uj) a weight of Rg (respectively of Rg,9)- In particular, we 
denote by wi, ...jVJn the fundamental weight of Rg (we have chosen the basis 
of Rg associated to B). Notice however that the weights of RG,e are weights 
of Rg- The involution t := — tuo • 9 of x(r) preserves the set of simple roots; 
moreover t coincides with —9 modulo the lattice gener ated by R°g (see [16], 
p. 169). Here wq is the longest element of the Weyl group of R^. We denote by 
ai, Us the elements of the basis {/3 — 9{(3) \ fi G Rg simple}\{0} of Rg,b- Let 
hi be equal to \ if 2ai belongs to i?G,e and equal to one otherwise; for each i we 
define a( as the coroot j^^^^oii. The set {a(, a^} is a basis of the dual root 
system i?^ g, namely the root system composed by the coroots of the restricted 
roots. We call the elements of R^ g the restricted coroots. Let cji, cjg be 
the fundamental weights of Rcfi with respect to {ai, ...,as} and let lo^ , ■••i^^ 
be the fundamental weights of R^ g with respect to {a^, a^}. Let G^ be 
the positive closed Weyl chamber of x(S') ® M, i.e. the cone generated by the 
fundamental weights of Rg.o and by the vectors orthogonal to span^{RG,0)- 
We call — C+ the negative Weyl chamber. Given a dominant weight A of G, we 
denote by ^(A) the irreducible representation of highest weight A. 

If G is semisimple and simply connected, then the lattice generated by the 
restricted roots is isomorphic to the character group of T^/{T^ n Ng{G^)). 
Moreover the weight lattice of i?G,e is {ci? — 9{n7) \ zu G x(T)} and can be 
identified with the character group of T^/T^ n G^ . We want to give another 
description of this lattice. We say that a dominant weight m G x{T) is a 
spherical weight if V{m) contains a non-zero vector fixed by G^ (in this definition 
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we do not require that G is semisimple). In this case, V'~^ is one-dimensional 
and 9{tu) = —w. Thus we can think ci7 as a vector in x('5') ® K- One can show 
that the lattice generated by the spherical weights coincides with the weight 
lattice of Rcfi- See [1], Theorem 2.3 or [H], Proposition 26.4 for an explicit 
description of the spherical weights. Such description implies that the set of 
dominant weights of Rcfi is the set of spherical weights and that is the 
intersection of x(5') ® M with the positive closed Weyl chamber of the root 
system Rq- Sometimes we call ^"Ss^^t the set of spherical coweights. 

The set N is equal to — C"*" n X*(S'); in particular it consists of the lattice 
vectors of the rational polyhedral convex cone CN — — C+. The set p{D{G / H)) 
is equal to {a^, ...,q;^} (see [T7], §2.4, Proposition 1 and Proposition 2). Thus, 
given a simple symmetric variety X, the set p{D{X)) consists of the primitive 
generators of the one-dimensional faces of C{X) not contained in — C+; indeed 
(ai,aj) > if and only if z = j. For each i the fibre p~'^{a^) contains at 
most two colors (see [T7], §2.4, Proposition 1). We say that a simple restricted 
root ai„ is exceptional if there are two distinct simple roots f3i^ and in Rq 
such that: i) (3^^ - 9{(3iJ = /3^2 - 0{Pi^) = ai^; ii) either 9{l3i^) ^ -^^ or 
0{Pii) = —Pi2 and (Pi^jPi^) ^ 0. In this case we say that also a^, 6 and all the 
equivariant embeddings of G/H are exceptional. If ctio is exceptional then the 
simple roots Pi-^ and are uniquely defined by the previous properties. If G/H 
is exceptional, then p is not injective. Moreover, if 77 = Ng{G^), then p~^{a^) 
contains two colors if and only if is exceptional. We say that G/H contains 
a Hermitian factor if the center of [G, G]^ has positive dimension. If G/H does 
not contain a Hermitian factor then p is injective (see p/7J, §2.4, Proposition 1). 
If p is injective, we denote by Z3qv the unique color contained in p^^(a^). 

Remark 1. One can suppose that G is the product of a connected, semisim- 
ple, simply connected group and of a central split torus in the following way. 
Let TT : G ^ [G,G] be the universal cover of the derived group of G. We con- 
sider the group G" = G x (T^ n Z{Gf) and the map tt' : G' ^ G defined by 
Tr'{g,t) = 7r(g) • t. The group G' acts transitively on G/H by g ■ x :— Tr'{g) ■ x 
for each x e G/H and g e G'. Thus G/H is isomorphic to G' /{t:')~^{H). 
Moreover there is a unique involution 6' of G' such that tt'9' = 6tt' (see [T3])- 
The group {n')~^{H) contains and normalizes (7r')~^(G^), hence it normalizes 
also 7r~i([G,G]'')° = [Gf . Thus {-K'y^iH) contains and normalizes {G'f, so 
G' / {tt')^^ [H] is a G'-symmetric variety. We can also suppose that the stabi- 
lizer of the base point xq in Z(G)° is constituted by the elements of order two 
of Z{G)^ . Indeed, it is sufficient to consider G x T", where T" is a torus such 
that T"/{t e T" 1 = id} is isomorphic to (T^ n Z{Gf) / (T^ n Z{Gf n H). 

In the following, unless explicitly stated, we assume that G is as in Remark 

1. 

We say that 9 is decomposable \i G/G^ is the product of (non trivial) sym- 
metric homogeneous varieties, up to quotient by a finite group. Otherwise we 
say that 9 is indecomposable. If 9 is indecomposable and G/H contains a Her- 
mitian factor, we say that G/H is Hermitian. If 6 is indecomposable, we have 
the following possibilities: i) G is an one-dimensional torus; ii) G is simple and 
iii) G = G X G with G simple and 9 defined by 9{x,y) — {y,x). In the last 
case G/G^ is isomorphic to G and is not Hermitian. If G is semisimple, then 9 
is indecomposable if and only if Ra^g is irreducible. For a classification of the 
indecomposable involutions see [16], §26. If G/H is Hermitian, then Z{G^) has 
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dimension one and Rc.e has type BCi, Ci, B2 or Ai. Suppose G semisimple 
(simply connected) and 9 indecomposable, then p~^{a() contains two colors if 
and only if G/H is Hermitian, H — G^ and a( is short (see [H], pages 177-178). 

Let X be a simple symmetric variety with closed orbit Y . One can show that 
there is a unique afhne B-stable open set Xb that intersects Y and is minimal 
for this property. Moreover the complement X \ Xb is the union of the i3-stable 
prime divisors not containing Y (see [3], §2.2, Proposition). The stabilizer P of 
Xb is a parabolic subgroup containing B. There is a Levi subgroup L' of P such 
that the P- variety Xb is the product x Z of the unipotent radical of P and 
of an afRne i'-spherical variety Z (see [3], §2.3, Theoreme). We can choose L' 
and Z so that belongs to Z. Let L be the standard Levi subgroup of P. If X 
is not exceptional, we will see that Z is a symmetric variety and that L' can be 
chosen equal to L. Notice that P is the stabilizer of U_Den(G///)\ d{x) ^- Given 
an union Di^ U...UDi^ of colors, we denote its stabilizer by P{{Di^, ...,Di^}) or 
by Pc{{Di^, ...,Di^}). Given a root /3, let Uf3 he the unipotent one-dimensional 
subgroup of G corresponding to /3. Given /i £ X*{T)'SiQ = x{T)®Q, we denote 
by P{n) the parabolic subgroup of G generated by T and by the subgroups 
corresponding to the roots P such that (/3, /x) > 0. Given a subgroup K of G, we 
use the notation Hk (respectively Bk) for the intersection KOH (respectively 
KnB). 

Now, we want to describe the groups P = P{I), where / C D{G/H). Ob- 
serve that there is a Levi subgroup L' of P such that P/Hp = i?„P x L'/H^i. 
Indeed, there is a Levi subgroup L" of P x C* such that P x C* /Hp x {±1} = 
P^Px(L"nP)/7lL"npxC*/{±l}, because of §2.3, Theoreme applied to an 
equivariant embedding Z of Gx C*/H x {±1} such that D{Z) = D{G/H) \ I (we 
have a one-to-one correspondence between D{G/H) and D{G x C* /H x {±1}), 
which associates to each D G D{G/H) its C*-span in G x C* /H x {±1}). 

To describe P(/), it sufficient to consider the case where G is semisimple, 
H = G^, 9 is indecomposable and / = {D}. Indeed P{Di^, ...,DiJ is equal to 
the intersections of the P{Di). Moreover if (G, 9) = {Gi,9) x (G2, 0) and I? is a 
color of G/H, then there is either a Pgi -stable divisor Di of Gi/Gf or a Pg2- 
stable divisor D2 of G2 / G2 such that D is the image of Di x G2/G2 , respectively 
of Gi/G\ X D2, in G/TJ; moreover P(I?) is Pg^{Di) x G2, respectively Gi x 
Pg^{D2). Notice that Di, respectively 1)2, may be non prime. 

We begin with some recalls from [T7], §2.3-§3.4 (see also [TB], pages 177-178). 
Suppose by simphcity that G is semisimple, write D{G/G^) = {Di, ...,Dm} 
and let tt' : G ^ G/G^ be the canonical projection. For any i, the ideal of 
(7r')~^(Z?i) is principal because we have supposed G simply connected; let fi 
be a generator of {■n')~^{Di). Let P+ C C[G]* be the multiphcative monoid 
constituted by the commune eigenvectors to B (with respect to the left trans- 
lation) and to G^ (with respect to the right translation), normalized so that 
they assume the value one on the unit element of G. Let P^ be the subset 
of P+ constituted by the G^-invariant vectors. Up to normalization, the vec- 
tors {fi} forms a basis of V+. We can index the colors so that fi belongs to 
if and only if i < r; in particular the G^-eigenvalue Xi of fi is trivial if 
and only if i < r. Here r = m — 2rank x(G'^). We can also suppose that 
Xr+3 = ~Xr+3+rank x(G«) ^r cach j = I,..., rank x{G^)- The monoid Vf 
is free with basis {fi,-; fr,fr+ifr+rankx{G'')+i,--Jr+m.rJcx{GO)f^n}- The map, 
which associates to any / e P+ its weight w(/), gives an isomorphism be- 
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tween "P^ and the set of spherical weights. (We remark that in [T7] is used a 
hghtly different map). Observe that P{Di) is equal to the stabilizer of the line 

Suppose now 6 indecomposable, G semisimple and / = {D}. Let L({_D}) 
be the standard Levi subgroup of P({-D}). If G/G^ is not Hermitian, then 
= V+ and w(/i), ...,LLj{fm) are the fundamental weights of RG,e; thus the 
stabilizer of ZJ^v is P{uji). In this case, the colors of G/H are in one-to-one 
correspondence with the colors of G/G^. More generally, if -Di G D{G/G^) is the 
unique color in p~^{p{Di)), then uj{fi) belongs to and P{{Di}) is P{uj{fi)); 
on the other hand, TT~-^{Tr{Di)) is Di, so also P({7r(Z?i)}) is P{LLj{fi)) (here tt is 
the canonical projection G/G^ G/H). Moreover, i?L({Di}) is spanned by the 
simple roots {/?} such that either (3 = 6'(/3) or (/3 - 6'(/3))^ 7^ p{D{). 

Next, we consider the colors D of G/G^ such that p^^{p{D)) ^ {-D}- Sup- 
posing indecomposable, there is an exceptional root if and only if G/G^ 
is Hermitian and Rce has type BCi. In this case, H = G^ = Ng{G^) and 
2a,„ is a restricted root; in particular is the short simple restricted co- 
root and /3~^(a^) contains two colors, namely Dr+i and Dr+2- Write a^,, = 

— diPii) = /3i2 ~ ^'(Ag) in the definition of exceptional root. The weight 
of /r+i/r+2 is the iQ-th fundamental spherical weight, namely = Wi^ -\- Wi^- 
Thus fr+i and fr+2 have weights respectively nj^^ and nj^^; the stabilizers 
of the corresponding colors are respectively P{zui-^) and P(vJir^). We have 
p{D) = {j3i^ — 0{f5i^)Y = (A2 ~ ^(^2))^; moreover the root system of the stan- 
dard Levi subgroup of P{mi^) (respectively P{mi^)) is spanned by the simple 
roots different from j3i-^ (respectively from Pi^). In particular, Rl({d}) contains 
properly the root system spanned by the simple roots {/?} such that either 
/3 = 0{I3) or (/3 — 9{(3)Y 7^ p{D)- Moreover, there is an automorphism of G, 
fixing T and B, which exchanges P{wi-^) with P{-uji^)] one can show by the 
Iwasawa decomposition (see jlHj, p. 168), that this automorphism fixes G^, so 
it induces an automorphism of G/G^ exchanging -D^+i with Dr+2- For the 
exceptional case, see also [6,, §4. 

If G/iJ is Hermitian and non exceptional, then the restricted root lattice has 
index two in the lattice generated by the spherical weights; the inverse image 
of a/ contains two colors if and only \i H = G^ and is short (see [16) . 
page 177-178). Therefore the weight of fr+ifr+2 is t^i — 2vJi if i?G,e = ^1 
or B2 and toi — 2'cui otherwise. The vectors fr+i and fr+2 have the same 
weight, namely wi if Rcd — Ai or B2 and vui otherwise. Thus the colors 
corresponding to fr+i and fr+2 have the same stabilizer: respectively P{-cui) if 
Rofi = Ai or B2 and P{zui) otherwise. Moreover these colors have the same 
image in G/Ng{G^). Hence the stabilizer of a color D of G/G^ is equal to the 
stabilizer of the image of D in G/Ng{G^). There is a unique simple root f3 such 
that (/? - 0{p)y = p[Dr+i) = p{Dr+2)-- it is /3i if Rafi = Ai or B2 and (3i 
otherwise. The root system RL({Dr+i}) = Rn{Dr+2}) is generated by the simple 
roots different from /3. 

Now we list the exceptional indecomposable involutions. We have three 
possibilities: i) (G, 9) has type AIII and G/G^ is isomorphic to SLn+i/ S{Li x 
Ln+i-i) (with n ^ 21 — 1); ii) (G, 9) has type Dili and G/G^ is isomorphic to 
SOAI+2/GL21+1; iii) {G,9) has type EIII and G/G^ is isomorphic to Eq/D^ x 
C*. The possibilities for the stabilizer of a color D with p{D) exceptional are, 
respectively: i) P{wi) and P{-uJn+i-i)', ii) P{zu2i) and P{zu2i+i); iii) P{'u^i) and 
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2 Smoothness of Symmetric Varieties 

In this section we want to classify the smooth symmetric varieties. Clearly we 
can reduce ourselves to studying the simple ones. Let X be a simple symmetric 
variety with closed orbit Y. Recall that Xb = RuPxZ, where P = P{D{G/H)\ 
D{X)) and Z is & L'-spherical afhne variety for an appropriate Levi subgroup 
L' of P; we denote by L the standard Levi subgroup of P. 

Lemma 2.1 If p^^{a^) is contained in D{X) for each exceptional coroot in 
p{D{X)), then the group L is 0-stahle and L/ is a symmetric space; moreover 
we can choose L' equal to L. In particular, L is 0-stable if X is not exceptional. 

Proof of Lemma By the description of P in the previous section, we 
known that P = Piu;"^) with a spherical coweight such that t(cLi^) = w^. 
Thus Rl is stabilized by the involution t, because /3i — 0{/3i) = /32 — ^(/^2) if 
and only if /3i = (32 or f3i — t(/32) for any two simple roots Pi and (32 in Rg- In 
addiction Rl contains Rq, thus it is stabilized hy 9 = —zuQi, where zuq is the 
longest element of the Weyl group of Rq. Therefore P n 0{P) = L, Hl = Hp 
and we can suppose L = L' . Notice that L'^ C L Ci H d NlIC^) (Z NLiL^)- □ 

Under the hypotheses of the previous lemma, Rl is generated by Rq and by 
the simple roots (3 in Rq such that p~^{{(3 — 9{(3)y) is contained in D{X) (see 
the description of P in the previous section). In particular, i?^ g = p{D(X)) if 
G/H has not Hermitian factors. 

Lemma 2.2 Let I C D{G/H) and let L' be a Levi subgroup of P{I) such that 
P{I)/ Hp(^j^ — RuP X L' /Hli. Then the homogeneous variety L' /Hli is affine; 
in particular Hl> is reductive. 

Proof of Lemma lKR Let X' be an equivariant embedding oi G x C* /H x 
{±1} such that D{X) = D{G/H) \ I (we have a one-to-one correspondence be- 
tween D(G/iJ) andL>(G/iJxC*/{±l}), which associates to each D e D{G/H) 
its C*-span in G/H x C*/{±1}). Let G' = G x C* , H' = H x {±1} and 
B' ^ B X {±1}. We can suppose X^, =^ i?„P x Z' where Z' is a {L' x C*)- 
spherical variety. First, suppose that {G,d) is a product of indecomposable 
exceptional involutions. Then RuP x L'/H^r x C*/{±1} is the intersection 
of the two affine open sets X'^, and G' /H', thus it is affine (observe that 
the {L' X C*)-stable colors do not intersect X'^,). Hence L'/Hli is affine 
and H^i is reductive. When 9 is non-exceptional, this lemma is immediately 
implied by the Lemma 12.11 The general case follows because we can write 
{G,9) = (6*1,6*) X {G2,9) where: i) {Gi,9) is a product of indecomposable ex- 
ceptional involutions; ii) {G2,9) is non-exceptional; iii) H = G\ x Hq^; iv) 
L' = {L' n Gi) X (L' n G2); v) Hl' = HL'nGi x -ffi'nCs- Indeed, these facts 
imply that H^i is reductive, so L' /Hl' is affine. □ 

We are mostly interested in the smooth complete symmetric varieties, so we 
can reduce ourselves to studying the simple affine varieties with a L'-fixed point. 

Lemma 2.3 IfY is projective, then there is a unique point in Z fixed by L' . 
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Proof of Lemma \ 2.!A Notice that Z C\Y is one point x and is L'-stable. 
Moreover x is unique because every affine spherical variety is simple. □ 

The hypothesis of the previous lemma is equivalent to the condition dim C{X) 
— rank G/H . Now, we prove that X is not smooth if L is not ^-stable. 

Theorem 2.1 Let X be a simple smooth symmetric variety with open orbit 
G/H and suppose that the closed orbit Y is projective. Then p{D(X)) does not 
contain exceptional coroots. In particular, L is 9-stable. 

Proposition 2.1 Under the hypotheses of the previous theorem, p~^{a^) is 
contained in D{X) for each exceptional coroot in p{D{X)). In particular, L 
is 9-stable. 

Proof of Theorem \2.1\ The theorem is implied by the previous proposition 
because, by the Theorem 12.21 p is injective over D{X) for any smooth simple 
symmetric X (which has the property stated in the Proposition l2.ip . We remark 
that we do not use the Theorem 12.11 in the proof of the Theorem 12.21 □ 

Now, we begin the proof of the Proposition 12. II Observe that X is smooth 
if and only if Z is smooth. Moreover Z is smooth if and only if it is a L'- 
representation. Indeed the affine L'- variety Z can be embedded in a L'-representation 
and one can shift the fixed point in 0. Moreover, up to taking a subrepresenta- 
tion, we can identify Z with this representation because of Luna's fundamental 
lemma (see [10], II. 2). To prove the theorem, it is sufficient to show that there 
is not a representation of dimension dim L' jHj^i containing a vector v with sta- 
bilizer Hi^i . Observe that we can work with a quotient of L' by a finite central 
subgroup K contained in Hi^'. Indeed, if Z is a L'-representation with the 
previous properties, K acts trivially on Z, so Z is a (L'/i4r)-representation of 
dimension {L' / K) /{Hv / K) and Stabi^L, /k){v) = (Hl'/K). Remark that L'/K 
is no longer a subgroup of G, however we can restrict to study Z , "forgetting" 
the embedding of Z in X. We want reduce to study varieties L'/Hli with the 
following property: 

[*] There are an indecomposable exceptional involution {G',9') and 
a color D such that p{D) is exceptional, L' is a Levi subgroup of 
the stabilizer P' = Pg'{D), Hl- = {L'f and P'/{P'f = R^P' x 
L'/Hl,. 

Lemma 2.4 Up to quotient by a finite central group in Hl>, we can choose L' 
isomorphic to a product Jli=o ^» L'/Hli = Y\Li/ H^^, where Li/HL. is 

a symmetric variety if s = and satisfies [*] otherwise. 

Proof of Lemma \2.4\ First, we reduce to the case of an indecomposable 
involution. Write {G,9) as Y\{Gi,9), where Gq H L is 0-stable and the {Gi,9) 
with z > are indecomposable exceptional involutions such that Gi D L is not 
6'-stable. Then G/H = Go/Hgo x Ui>oGi/Gf. Indeed = Ng,{G^,) for 
each i > 0, thus H is generated by G^ and Hgq- Thus it sufficient to prove 
the lemma for the Gi/Gf with z > 0. Finally, suppose 9 an indecomposable 
exceptional involution and write P = P{I) with / C D{G/H). Let Z3 be a color 
in I such that p{D) is exceptional. If / contains at least two colors, let L be the 
standard Levi subgroup of P{I \ {D}), let L be the quotient of L by Z{[L, L\) 
and let P be the quotient of P{I) n Z by Z{\L, L]). We have P{I) = i?„P(/ \ 



9 



{D}) X (P(/)nL) and P{I)/P{iy^^JluP{I\{D}) X {P{i)nL)/{P{i)nLy = 
RnPiI\{D}) X P/P''; moreover L/L'^ = L/lf = [L,L]/[L,L]'^ x Z{L)/Z(L)'^. 

On the other hand, there is a Levi subgroup L' of P fl [L, L] such that P/P = 
P„P x L'/(L'y X Z(L')/Z(L'Y. We can write ([1,1], 0) = (Li,6l) x (2.2,61), 
with {Li,9) non-exceptional and {L2,0) indecomposable exceptional (P[xr] e 
contained in Pc.e and Rce contains one exceptional root). We have L ' /{L ')^ — 
(i'nii)/(L'nLi)« X (L'nL2)/(L'^l_L2)^ where (Z' n Li)/(L' n Li)^j_s a 
symmetric variety. On the other hand (PnL2)/(PnL2)^ = P„(Pni2) x (L'n 
L2)/(L' n L2)'' and Pn ^2 is the stabilizer of D n {L2ILI) in L2. Thus we can 
choose L' as the product of Z(L)'^ with the inverse image of L' in L. □ 

We know that given a semisimple group G, a symmetric variety G/ H and an 
irreducible G-representation V, then has dimension at most one; moreover, 
if dimV^ = 1, V has dimension at least dimG/H + 1. We want to prove 
a similar result for the varieties satisfying [*]. Such varieties have dimension 
dimG/{G)^ — dimRuP, because P/Hp = RuP x L'/H^r. By simplicity, we 
assume (G, 6*) = (G',6'') in the Lemmas l^ - IO ((G'.9') is as in the definition 
of the property [*]). Explicitly dim L' /{L'Y is equal, respectively, to nl — P + 1 
if G/G« = SLn+i/S{Li X i„+i_/), to 2P + I if G/G" ^ SO41+2/GL21+1 and to 
16 if G/G" = Eq/D^ X C*. In particular L' jiL')^ has dimension at least two. 
We consider separately the case where dimL' /{L'Y = 2, because in such case 
L' / {L')^ is isomorphic to a symmetric variety. 

Lemma 2.5 If L'/H^' has dimension two, then it is isomorphic to SL2/ SO2. 
Thus, a non-trivial L' -representation V with V^^' ^ has dimension at least 
three. Moreover, there are neither a smooth affine embedding of SL2/ SO2 nor 
a smooth affine embedding of SL2 x C* / SO2 x {±1}. 

Proof of Lemma W^ lidimL' /Hl' = 2, then G/i? is isomorphic to S'i3/S'(Li x 
L2) and P is either P{wi) or P(n72); thus L' is isomorphic to Gi2- By the 
Lemma l2.2[ i?£, must be a maximal torus, hence L' / Hli is a symmetric variety 
isomorphic cither to SL2/SO2 or to SL2/Nsl2{S02)- Observe that a spherical 
S'i2-representation has dimension at least three. In this case the representa- 
tion is 5^C^, which is an embedding of SL2 x C* /NSLASO2) x {±1}, where 
C* acts freely over C^. We have only to prove that L' jH^i is isomorphic to 
SL2/S02- Suppose by contradiction that Hl' is isomorphic to the almost di- 
rect product NsL2{S02) ■ C*id and let a be an involution of GL2 such that 
GL2 is H^, . Let T' be a maximally split torus of GP2 with respect to a and 
let S' = T'/Ht', then x{T')/x{S') contains an element of order two. Indeed 
x{S') is generated by 2/3 and x{T') contains j3 (here /3 is a root of GL2)- We 
can identify C{L' / Hl'Y^^^''' /C* with C(G/iJ)(^) /C*, thus we can identify x{S) 
with x(S") as subset of x{B); moreover we can identity both x{T) and x{T') 
with x{B). Thus also x{T)/x{S) contains an element of order two. But x{S) 
is spanned by wi -\- W2, so xC^) / xi^) = Z(n7i -I- x{S)) — a contradiction. 
(Here wi and -072 are the fundamental weights of SL3). □. 

Lemma 2.6 Suppose that L'/Hli satisfies [*]. Then there is a subgroup K of 
L' isomorphic to L 9{L) in such way that <Z L C\ 0[L) is isomorphic to 
a subgroup K' of . Let V be a L' -representation which contains a vector v 
fixed by . Then the stabilizer of v in [K, K] is equal either to [K, K] or to 
[K,K]' := [K,K]nK'. 
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Remark that K / K' is a symmetric variety. We need this lemma only when 
dimL'/{L'y > 2. 

Proof of LemmaWR Write L' = gLg^^] we have C = {L'Y , because 
H = . When G = Eq, one can show, by a dimensional count, that H^, is 
isomorphic to L fl 9{L) — Sping x SO2 x C* (one have to use the reductivity 
of Hl' and the fact that C H^i C L'). In the other cases we claim that 
there is an automorphism ip of L' which sends gL^g~^ onto . Let K be the 
image of g{L n 8{L))g'^ by ip, then isT^ contains K' = ip{gL'^ g^'^). Now, 

we prove the claim. If G/H = GLn+i/GLi x GLn+i-i (and P = P{nji)), 
let {ei, e„+i} be the canonical basis of C"+^. Let Vi = span{ei, ...,ei}, 
W = span{ei+i, ...,en+i-i} and V2 = span{e„+2-i, en+i}- Let ip be the 
isomorphism from Vi to V2 such that (p{ei) = e„+2-i- We have L = GL{Vi) x 
GL(VF ® F2), L' = GL(Fi) x GL{gW © 3^2) and = A(Fi,y2) x G'i(W^), 
where A{Vi, V2) is the diagonal in GL{Vi) x G'i(V2) (we have identified Vi with 
V2 by </j). Similarly, gL'^g~^ = A(Vi,gV'2) x GL{gW), where A{Vi,gV2) is the 
diagonal in GL{Vi) x GL{gV2) (we have identified Vi with (7V2 by g o ip). The 
previous facts follows because RuP acts trivially over Vi and over C""*"^/!^!. On 
the other hand, stabilizes g{V2 ® W) because it is contained in L'. Let g 
be g — Id, then ^C""*"^ is contained in Vi and gv — v + gv for each w. Notice 
that preserves the decomposition Vi © gW © (7V2. Indeed, given any h G 
and any w G W, hgw = hw + hgw e (W © Vi) Pi g{W © F2) = .9^7; we can 
proceed similarly for (7V2. Moreover, given any h G and v E Vi, we have 
hg(p{v) — gp{hv) — hgip{v) — g(p{hv) £ Vi fl (7V2 = 0, thus is contained in 
gL'^g-^. Therefore i'^ = gL'^g~^- Finally, if G/iJ = 504i+2/GL2;+i, then L' 
is isomorphic to GL21+1 and gL^g~^ is isomorphic to 6*^2; x C* C GL2i x C*. 
It sufficient to prove that is conjugated to gL^g~^ in L' = Gi2i+i- First, 
we conjugate by an element ki of L' = GL21+1, so that kiL^k^^ is contained in 
GL21 X C*. Next, we conjugated by an element ^2 of GL2i so that k2kiL^k^^k2^ 
is Sp2i X C* = gL^g~^. The last affirmation of the lemma follows because 
[K,K]/[K,K]' is a symmetric variety. □ 

Lemma 2.7 Let {G,9) he an indecomposable exceptional involution, let D he 
a color such that p{D) is exceptional, let P be the stabilizer of D and let L' 
be a Levi subgroup of P such that P/Hp = RuP x L' /Hll Suppose that 
dimL' /Hli > 2 and let K, respectively K' , be as in the Lemma \ 2.b\ Let V 
be a non-trivial irreducible L' -representation such that V^^' ^ 0. Then: 

(i) dimV > dimL' / H^i and dimV 7^ dimL' /Hli + 1; 

(ii) if dimV — dimL' / Hl' , then V^'^' has dimension one and StabL'{v) is 
not reductive for any v G V"^^'\{0}; 

(Hi) if there is v £ V with stabilizer H^i , then dimV > dimL' / Hli + 2. 

Proof of the Lemma \2. 7| Observe that the first two points of the lemma imply 
the third one. Indeed, if V is as in the last point, then V cannot have dimension 
equal to dimL' / H^i because Hli is reductive by the Lemma [2.21 Notice that 
K contains a maximal torus; moreover there are two parabolic subgroups Q 
and oi L', containing respectively B^i and the opposite of B^i, such that 
Q nQ^ = J-iT is a Levi subgroup of both them. 

For each r, let {ei,...,er} be the canonical basis of C". It is sufficient 
to study the i'-representations with dimension at most dim L' / Hli + 1. If 
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G/H = GLn+i/GLi X GLn+i-i{= SLn+i/S{Li x Ln+i-i)), then L' is iso- 
morphic to GL{^^~^~^^ Cci) X GL(0"j|'^_;^2 '^^i) ill such way that corre- 
sponds to Gi(©^^i Ce,) X Gi(©t7+/ CeO x GL(©^+„'_,+2 and K' corre- 
sponds to A X GL{^^~f^^ Ccj), where A is the "diagonal" in Gi(0'^-^ Cej) x 
^■^(0i=i-;+2 'Cci). Recall that n > 2. Suppose first that [iiT, K] acts trivially 

over a non-zero vector of V^^'; in this case S'-^(0"J^_;+2 ^^') acts trivially 
on V. Using the fact that dimZ{K') = 2, it is not difficult to prove that 
V^^'-^^ is one-dimensional and that Z{K') acts not trivially on it, a contradic- 
tion. Hence, both the simple factors of [K, K] act not trivially on V (other- 
wise there is {g,g) G A such that (.9,, 9) ■ v ^ v). The representation W := 

®7=i^^ Ccj (g) (©"J'^_i+2 '^^i)* has dimension equal to dimL' /Hl'- If there is 
another i'-representation, not isomorphic to W as [L', i']-representation, over 
which both the simple factors of [K, K] acts non-trivially and which has dimen- 
sion at most dim W + 1, then either n = 21 = 4 or i = 1. In the first case such 
representation is isomorphic to W\ := /\^ ©i=i Ce^ (g) (©^=4 Ce,)* (as [L' , L'\- 
representation) ; moreover it is isomorphic to W as [fiT, ii']-rcprcscntation. In 
the second case, such representation is isomorphic to W2 ■= A"^^ ®r=i (as 
[L', i']-representation) and we have [K, K] = [K, K]' = SL{^"^^ Ca), thus W2 
is isomorphic, as [K, ifj-rcprcscntation, to the direct sum of a onc-dimcnsional 
trivial representation with the dual of the standard representation. The decom- 
position W = (©;^, CeMe7=n-i+2 Cei)*)e(©r+-/+' CeM®:=n-i+2 Ce^)*) 
is [K, i^J-invariant; thus W^^'^^ is one-dimensional. One can show that RuQ 
stabilizes any v G ; moreover dim StabL'iv) — dim RuQ ■ [K,Ky + 1. 

On the other hand, dimZ{K) = 2 and Z{K) • w is at plus, one-dimensional. 
Therefore T" := Stabz(K){v) is one-dimensional and the connected component 
of StabL' {v) is the semidirect product RuQ x {T"[K, K]')^, so it is not reductive. 
Given any U isomorphic, as [L', L']-representation, to W, to Wi or to W2, one 
can study in the same manner U^^'^y and StabL'iv) for each v e [/[^'■^l'\{0}. 

If G = S'04i+2, then L' is isomorphic to Giy(C^'+^) in such way that K cor- 
responds to GL(©-^^ Cci) xGL(Ce2;+i) and K' corresponds to Sp{^-^^ Cci) x 
GL(Ce2;+i). The non-trivial irreducible L'-representations with dimension lesser 
or equal to 2^^ + Z + 1 are isomorphic, as [L', L']-represcntations, to C^'+^, to 
A^C^'+i, to A^'"^ C^'+i or to A^'C^'+i. Let V be a ^'-representation which 
contains a non-zero vector w fixed by K' and that is isomorphic, as [L',L']- 
representation, to C^'+i. We have (C^W)[k,k] ^ (^^21+1 -^[k^k]' ^ Ce2i+i; 

thus V is C2'+i ® (A''+'C2'+1)* and ui is a multiple of 62;+! ® v, where v 
is a non-zero vector of (A^'^^ C^'"*"^)*. The stabilizer of 62^+1 (g) t; in i' is 
RuQ- X (5'L(©-ii Cci) X GL(Ce2i+i)). If Hl' fixes 621+1 (8> v, then Hl' is 
isomorphic to a subgroup of SL21 x C* (because the restriction of the map 
StabL'{e2i+i) StabL' {e2i+i)/RuQ~ to Hl' would be an isomorphism). How- 
ever, one can show that there is not a reductive subgroup of SL21 x C*, con- 
taining Sp2i X C* , which has dimension equal to dim Hl' , a contradiction. One 
can study in the same manner the ^'-representations isomorphic, as [L' , L']- 
representations, to A^'C!^'+^. On the other hand, A^ is isomorphic, 

as [ii-, i4:]-representation, to A^ Ce^ ©^i^ Ce^, hence {f\^ C^'+^)^^^^y 

is one-dimensional. The stabilizer in L' of any v G (^/\'^ C'^''+^)^^'^y \ {0} 
contains RuQ', moreover dim StabL' = dim RuQ ■ [K,K]' + 1. On the other 



12 



hand, T" := Stabz{K){v) is one-dimensional because Z[K) ■ (v) is, at plus, one- 
dimensional. Therefore, the connected component of StabLi{v) is the semidirect 
product RuQ K {T"[K, K]')f , so it is not reductive. One can study A^'~^ C^'+i 
in the same manner of C2'+i (notice that A C^'+i is the dual represen- 
tation of A^C^'+i). 

If L has type iSg, then, up to isogeny, L' is isomorphic to Spinio x C*, 
in such way that K corresponds to Sping x 5*02 x C* and K' corresponds 
to Spin-; X C*. We have already observed that, by a dimensional count, one 
can show that H^, is isomorphic to K. Observe that the hypothesis V^^' ^ 

implies that Z{L') acts trivially on V . The irreducible non-trivial SpiniQ- 
representations with dimension at most 17 are the half-spin representations and 
the first fundamental representation C^°. One can easily show that none of such 
representation contains a vector fixed by Hli . □ 

Proof of Proposition \2.1\ We work with a quotient L of L' by a central 
subgroup in Hli , so that we can write L — 11^=0 Lemma 12.41 

We denote by Hj^ the image of Hli in L. We want to reduce ourselves to the 
case where L/L^ is a product of a variety satisfying [*] and, eventually, a one- 
dimensional torus. Suppose Z smooth and write Z = 0™^i Vi^h)- Write xq = 
Y^ln=i with Vh e V{\h), so each L ■ Vh is dense in V{Xh)- Moreover Z{L)^ ■ Vh 
is contained in C*Vh, so dimL ■ Vh < dim {[L,L] ■ Vh) + 1. Up to re-index, we 
can suppose that Li does not act trivially on V^(Ai). Write \i = ^fiij, where 
fiij is a Lj-weight for each i and j, so V{Xi) is isomorphic to 0^- V{fj.ij). Thus 
V{fii_j) contains a -ffj-fixed vector v for each i and j; hence, by the Lemmas 12.51 
and 12.71 dimV{fiij) ^ 2 for each j. Let / be the set {j \ dimV{^ij) > 1}. 
If / contains at least two elements, then dimV{Xi) — W_j^idim'V(^pij) > 

^^gj dim + 1 > '^j^i dim{Lj I Hl.) -I- 1 > dimLvi, a contradiction. 
Thus = V{pi,i)^V{J2j^,tii^j), where dimViJ^^^^ pi^j) = 1. We 

have two possibilities: either V^(Ai) is a smooth affinc embedding of Li ■ vi or 
there is a one-dimensional torus Ti C Ili^^ti-^ii such that V{Xi) is a smooth 
affine embedding of (iiTi) • ui; in particular the dimension of V{Xi) is at most 
dim Li/ Hl-^ + 1. This fact implies, by the Lemma l2.71 that dim Li/ H^-^ is two. 

Finally, suppose that dim Li/ H^. = 2 for each i > 0. By the Lemma \'2.b\ 
dimV{Xi) — dim [L, L]vi -f 1 for each i. Moreover we can suppose that, for each 

1 > 0, Li acts non-trivially on V{Xj) if and only if i = j; otherwise L ■ ^™ Vi 
is not dense. We can identify Li/Hl^ with GL2/{C*)^ and V{pi^i) with S'^C^. 
Let n G 7VsL2((C*)^) \ (C*)^, then n ■ vi ^ -vi. The center of L acts with 
one character over each V{Xi); moreover Z{L) ■ Vi has dimension equal 
to m, because L ■ ^™ Vi is dense in Z. Thus there is i G Z{L) such that 
i ^ = —vi + J2i>i ■'^ij so nt G Hj^. Therefore Hj^ is not generated by L^ and 
H^g, a contradiction. □ 

In the rest of this section, we always suppose that L is 6-stahle. We choose, 
as basis of the root system Rl of {L,T), the basis associated to the Borel 
subgroup Bl- Let R^^e be the restricted root system of (L, 9); it is contained in 
Rg,9- We arbitrarily choose an order of the connected components of the Dynkin 
diagram of R^^g and we define i?-^ ^ as the subroot system oi RL,e corresponding 
to the j-th connected component of the Dynkin diagram. Let {aj,...,a;.} be 
the set of simple roots of i?-^ g; we index them as in [8j. Let I be the rank of 
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G/H and let n be the semisimple rank of G. In particular we suppose that, if 
i?^ g has type Ai. , then {a'j^, a^) 7^ only if h belongs to {k — l,k,k + 1}. We 
prove the following theorem. 

Theorem 2.2 Let X be a simple symmetric variety with open orbit G/H . Sup- 
pose that the closed orbit Y is projective and that p^^{a'^) is contained in D(X) 
for each exceptional coroot in p{D{X)). Then the closure of T ■ xq in X is 
normal. Moreover X is smooth if and only if this toric variety is smooth. This 
is equivalent to the following conditions: 

(i) The restricted root system Rl.o has type Y[i=i appropriate integers 

p,li, ...,lp. Moreover the rank of G/H is greater or equal to 'Yl^i^iih + !)• 

(ii) The cone C{X) is generated by a basis of Homz{x{S),'Zi). 

(Hi) We can index the dual basis {X\, Xl_^^i, Xf, Xf^_^_l, X^^^^^} of x{S) 
so that (Ajj, (a^)^) — S/i^kSij and -[-^{{Ij + 1)A^ — iXj,^_^) is the i-th 
fundamental weight of R''j^ g . 

Before proving the theorem, we make some remarks. 

Remarks 2. i) We request that X is normal. Indeed there is a non normal 
equivariant completion X of a symmetric space such that the closure of T • 
in X is smooth (see [T^, §7.2). See also P3], §10 for an example of an affine 
non- normal embedding Z of a symmetric space such that the closure of T • xq is 
normal. Moreover the open orbits, respectively of X and Z, are not exceptional. 

ii) Given X which verifies the conditions of the theorem, we can almost 
describe the associated colored cone. The cone C{X) is the dual cone of 
cone(Aj, A' _|_j^) and xiS) is the free abelian group with basis {X\, Xf 
The set p{D{X)) is constituted by the primitive vectors of the 1-faces of C{X) 
not contained in — C+; moreover D{X) contains p^^{{c>i^}aeRLe simple)- Given 
any in p[D{X))\R^ g, then p^^(a^) contains two elements, while p~^{a^)ri 
D{X) contains one element. Any of the two colors in p~^{a^) can be a color of 
X. Remark that p is injective over D{X). 

iii) Suppose that L/H^ is a group L, i.e. suppose that L ^ L x L and 
that is defined by 9{x,y) — {y,x). The first condition of the theorem means 
that L is the quotient of a product U{SLi.+i x C*) by a finite subgroup (some 
integer li can be 0). If all the conditions of the theorem are verified, then L is 
isomorphic to the product UGLi.+i and Z is isomorphic to the product IIMi^+i, 
where M/.+i is the algebra of complex matrices of order k + l. Observe that the 
product of matrices defines a product over IIM/.+i which extends the product 
over nCi/.+i. This means that HA//. 4-1 is an algebraic monoid whose unit 
group is nGL/.+i. 

iv) Timashev (see |T5]) studied a particular class of equivariant embeddings 
of reductive groups. These embeddings are not necessarily normal. Here G is a 
product GxG and the involution 9 is defined by 6{x, y) = {y, x). Timashev sup- 
poses that there is a faithful G-linear representation V = ^ V{im) with the fol- 
lowing properties. The p,i are all distinct and the map G P(® Endc{V {pi))) 
is injective. He considers the closure of G in F{Q Endc{V{pi))) and obtains 
a criterion for this variety to be normal, respectively smooth. Observe that G 
acts on ^ Endc{V{pi)) C Endc{V) and the action coincides with the one over 
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V ^V* through the canonical isomorphism Endc{V) = V ^V* . Also Renner 
(see [H]) considers the case where G/H is isomorphic to a reductive group G, 
but he studies the affine (normal) equivariant embeddings of G with a G-fixed 
point. He classifies the smooth ones in the case where the center of G has 
dimension one and the derived group of G is simple. 

Proof. First we reduce ourselves to the affine case. Observe that X is smooth 
if and only if Z is smooth. Let U (respectively Ul) be the unipotent radical of B 
(respectively of Bi), then C[Zf^ is isomorphic to C[Xb]^, so C(G/7J)(^VC* 
is isomorphic to C(L/i7L)'^^ V^*; in our case T is contained in L and we can 
identify both C(G/iJ)(^) /C* and C{L/HlY^'-'> /C* with x*{S). We can identify 
C[Xb](-«VC* with C{xynx{S) andC[Z](^^VC* with G(Z)^n x(S') (see [3], 
§3.2); in particular we can ide ntify G (X) C x^-S) «) Q with C{Z) C x*iS)®Q- 
Let cl{T ■ xo, X) (respectively T ■ xq) be the closure of T • xo in X (respectively 
in Z). To reduce to the affine case, it is now sufficient to prove that cl{T ■ xq, X) 
is normal (respectively smooth) if and only if T ■ xq is normal (respectively 
smooth). This fact holds because the intersection of cl{T ■ a;o,^) with Xb is 
T ■ Xq, so T ■ Xq is Open in cl{T ■ X). Moreover cl{T ■ xq, X) is covered by the 
translates of T ■ xq with respect to the action of Nqs {T-^ ) . 

Observe that the combinatorial data G{Z), D{Z), x{S) of Z does not change 
if we substitute L by a finite cover or by a quotient by a normal subgroup 
contained in H^. Thus we can substitute L with a group of simply connect 
type, as we have done with G in the Remark 1. The only problem is that the 
group obtained is no longer a subgroup of G. On the other hand we can restrict 
to consider Z, "forgetting" X. In the following, we always consider an affine 
embedding Z of a symmetric homogeneous variety L/Hl, where L is as in the 
Remark 1. 

Lemma 2.8 The closure of T ■ xq in Z is normal. 

Proof of Lemma \2.8[ We have a commutative diagram 

C[Z]^'^^/£* 

C[T^](^)/C*. (2.1) 

Let WL,e be the Weyl group of Rl.9\ it is isomorphic to Ni^e{T^)/GLe{T^) 
(see [H], Proposition 26.2). Observe that Ni^e{T^) acts on Z, so WL,e acts on 
C[Z] /C* ; moreover N^o (T^ ) stabilizes T^, thus Wl.b acts on C[r~^] /C* . 
Hence the ele ments of Wl^o ■ (G(Z)^ n x{S)) are T-weights in C[T • xo]^^yC*. 
To prove that T ■ Xq is normal it is sufficient to show that the elements of Wl.o ■ 
(G(Z)^ nx(S')) are all the T-weights in C[T^](^VC*. This holds b ecause of 
the following lemma. Notice that T ■ xq ^ S ■ xq = S a,nd C[T ■ xo]^'^'>/C* = 

Lemma 2.9 Let X be a L-spherical weight. If there is a T-eigenvector in C[Z] 
of eigenvalue X, then there is a BL-eigenvector in C[Z] of eigenvalue X. 

Proof of Lemma \2.9[ Let u be a T-eigenvector in C[Z] of eigenvalue A, we 
can suppose that it is contained in an irreducible T-subrepresentation V{ji) of 
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C[Z] of highest weight fi. So A = ^ — '^ajPj, where ai,...,a„ are positive 
integers and ...,/?„ are the simple roots of L. The cone C{Z) is generated 
by simple restricted coroots ai,...,a^ and by appropriate vectors vi,...,Vm in 
the antidominant Weyl chamber — C+ of Rl^- Moreover, for each i, (A, u^) — 
{fi, Vi) + J2 —Vi) > in, Vi) > because ^ belongs to C{Zy . On the other 

hand, (A, (a;)^) > for i = l,...,r because A is dominant, so A belongs to 
C{ZY . Thus there is an eigenvector in C[Z](^'^^ of T-eigenvalue A. □ 
Now, we prove the necessity of the conditions. 

Lemma 2.10 If Z is smooth, then [L,L] has type Yi^i '^'^^ T ■ xq is smooth. 

We begin considering a particular case. 

Lemma 2.11 Suppose that {[L,L],6) is indecomposable and that Z{L) is one- 
dimensional. There are a subgroup C Hl C Nl{L^) and an afpne smooth 
embedding of L/H^ if and only if Rl has type If a such embedding exists, 

then it is unique, up to an equivariant isomorphism, and the closure of T ■ xq 
in it is smooth. 



Proof of Lemma \2.11\ Let be the cone in x*(5)(8)M associated to T ■ and 
let be the dual cone. Notice that an afhne embedding Z of L/Hl is smooth 
if and only if it is a L-representation; in particular Z must be an irreducible 
spherical representation with dimension lesser than dim[L, L]. If moreover 
[L, L]/[L, Vf is isomorphic to a simple group L, i.e. [L,L\ — LxL and 9{x, y) — 
{y, x), then Z is isomorphic, as [L, L]-representation, to V{X)®V{—ujo{X)). Here 
Wo is the longest element of Wi and V{X) is a L-representation with dimension 
lesser than dimL. One can easily show that, given any L, there is a such L- 
representation if and only if Rl^q has type Ai^i (see the answer to ex. 24.52 in 
[7], p. 531 for a list of the irreducible representations of a simple L with dimen- 
sion at most dimL). In this case Z is unique, up to twist the L-action by a di- 
agram automorphism. More precisely Z is isomorphic, as [L, L]-representation, 
either to V{uji) or to V{uji). Explicitly we have the following possibilities for Z 
(as [L,L]-representation): i) [L,L] is S'L(C"), [L,Lf is S'0(C") and Z is either 
52(C") or S^iCy ^ Sm\"-^U'); ii) [L,L] is ^^(C^"), is Sp{C^'') 

and Z is either A'(C2") or A'(C2")* ^ A'""'!^^"); iii) [L,L] is 50(C2"+i), 
[L,Lf is SOiC^") and Z is €^"+1; iv) [L,L] is SO{C^''), [L,LY is SO{C^''-^) 
and Z is C^"; v) [L, L] is Eq, [L,Lf is F4 and Z is either V{uji) or V{ujq). 
Remark that Z{LY' acts by twice a basic character. Now, we do a case-to-case 
analysis to prove that, given a smooth Z, the subvariety T ■ Xq is smooth. We 
denote by {/i, ...,/«} the dual basis of the canonic basis {ei, e„} of C". 

i) If {[L, L], 9) has type AI, let Q be the symmetric bilinear form ^ ff over 
C". Then the involution is defined by 6* (A) = (A*)-i, L/L« is GL(C")/0(C", Q) 
and Z is, up to isomorphism, S'^(C"')*. The subgroup T C Gi(C") of diagonal 
matrices is a maximally split torus, the vector fixed by is ff the 
closure of T • Er=i /f is SIU C/f. 

ii) If {L,L],d) has type All, let Q be the antisymmetric bilinear form 
Er=i/» ^ over C2". Then L/L^ is GL(C2")/5p(C2", Q) and Z is, up 
to isomorphism, /\'^{C^'^)*. The subgroup T of diagonal matrices is a maxi- 
mally split torus, the vector fixed by is J27=i fi ^ ^^^'^ ^^'^ closure of 
T ■ iJ2"=i fi ^ fi+n) is the vector space spanned by /i A /„+i, /„ A /2„. 
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iii) If {[L, L], 9) has type BII, let Q be the symmetric bihnear form fi^ 
fi+n + f 271+1 O'^'^r C^"'^"'^. Let (p be the hnear transformation of C^"+^ such that 

{e„+i if i = 1 
ei if i = n + 1 . 
ei otherwise 

Then L/L« is 50(C2"+i,Q) x CV50((®,_,i_„+i Ce, C(ei + e„+i)),Q) x 
{±zd} and the involution over 50(0^"+^, Q) is the conjugation by the (p. The 
representation Z is C^"+^, over which C* acts by twice a basic character. The 
subgroup T generated by the diagonal matrices of 50(C^"'"'"^, Q) and by the 
connected center is a maximally split torus, the vector fixed by is ei — e„+i 
and the closure of T ■ (ei — e„+i) is Cei © Ce„+i. 

iv) If ([i, L], 9) has type £)//, let Q be the symmetric bilinear form 

over C2". Then L/L« is S'0(C2", Q) xCVS'O((0,_,i Ce,®C(ei+e„+i)), Q) x 
{±i(i} and the subgroup T generated by the diagonal matrices and by the con- 
nected center is a maximally split torus. The representation Z is C^", over 
which C* acts by twice a basic character. The vector fixed by is ei — e„+i 
and the closure of T • (ei — e„+i) is the vector space spanned by ei and e„+i. 

v) If {[L, L], 61) has type EIV , L/L^ is x C*/F4 x {±id) and Z is, up to 
isomorphism, V{uJi). We will reduce to the already examined case of GLe/Spg. 
First, we recall some facts from [9]. Let Ac be either the complexification Qc 
of the quaternions or the complexification Oc of the octonions. Given a e A, 
let a be its conjugate. Let j73(Ac) be the space of Hermitian matrices of order 
three, with coefficients in Ac: 

{/ ri X3 X2\ 
1x3 r2 xi \ ,ri e C, Xi G Ac 
\X2 xi rs / 

J3(Ac) has the structure of a Jordan algebra with multiplication A o B -.^ 
■^{AB + BA), where AB is the usual matrix multiplication. There is a well de- 
fined cubic form on j73(Ac) called the determinant. The subgroup of GLciJsiOc)) 
preserving the determinant is Eq and contains the subgroup preserving the Jor- 
dan multiplication, namely F4. On the other hand, SLq is contained in Eq, 
stabilizes JsiQc) and its action over J^3{Qc) is faithful. The subspace JsiQc) 
of JsiOc) is a (Jordan) subalgebra and its automorphism group is Sp^; more- 
over one can show that Spe = SLq n -^4. There is a simple subgroup K of F4 of 
type Ai such that SL^ ■ K C Eg contains a maximal torus T of Eq; T x Z(L)° 
is maximally split because the rank of Eq is equal to the sum of the rank of 
F4 plus the rank of Eq/F^. The group F4 fixes the identity matrix because 
F4 preserves the Jordan product. Notice that ^^{Oc) is the first fundamental 
representation of Eq, while JsiQc) is the second fundamental representation of 
SLq. Let be the maximal split torus contained in T x Z{L)'^, then is 
contained SLq x Z{L)°, ■ Id is contained Jz{Qc) and Sp^ fixes Id. (Wc have 
assumed that Z(L)°/{±1} is the connected center of GLciJs.i'Qc)) ) □ 

Proof of Lemma \2.1(A We proceed in a similar manner to the proof of 
Proposition 12.11 Write L = Y[Lj x T, where the Lj are 6'-stable semisimple 
normal subgroups of L, the {Lj,9) are indecomposable and T is a split central 
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torus. Suppose that there is a smooth afRne embedding Z of L/ H^^ for an op- 
portune subgroup Hl^ and write Z as a sum of irreducible representations, say 
Z — @ V[\h)- Write xq = ^Vh with vu & V{Xh), so L-w/j is dense in V{Xh)- On 
the other hand, T-Vh is contained in C*Vh, so dim L-Vh < dim [L, L] -Vh+l- Write 
Xi = ^ IJ-ij+Vi, where fiij is a Lj-weight for each j and Vi is a T-character; each 
V{iJ,ij) contains a L^-fixed vector, in particular dimV{iJ.ij) > dimLj / H^^ + 1 
for each i and j. The [L, L]-representation V^(X]j=i r f^i-j) ^^e tensor prod- 
uct of the Lj-representations V{iiij). Therefore, if ^ for at least two 
index ji and j2, then dimV{Xi) = dimV(^ = Y\j\^. ^odimV{^i^j) 
> J2j\^,_^^odimV{fii^j) > 'Ej\^,_^^oidim{Lj/HL^) + 1) > dimL ■ n, (indeed 
dimLjl Hl- > 2 for each j). Thus V{Xi) is a smooth affine equivariant embed- 
ding of Lj.Ti ■ Vi for an appropriate index ji and an appropriate one-dimensional 
subtorus Ti of T; moreover StabLj. {vi) C Nl^. (Lj.). Every Li acts non-trivially 
over exactly one V{Xi) and T • is the product of the varieties T ■ Vi, because 
L • xq is dense in Z. Thus T ■ xq is the product of the closures of the T ■ vi (in 
the V{Xi)). By the previous lemma such closures are smooth and the Li have 
type Ai^. □ 

Lemma 2.12 IfTxQ is smooth, then the conditions of the theorem are verified. 

The hypothesis implies that is generated by a basis ei, e; of xi^)- Now, 
we want to describe C[r • xq] with relation to the restricted root system of {L, 9) 
(when Txq is smooth). Recall that the elements of Wl,0 ■ C{ZY n x(S') are the 
T- weights in C[T • xq\'^'^^ /C* and that C[T • xq\ is generated by S'-seminvariant 
vectors w(ei), ...,f(e;) of weight respectively ei, ...,6;. The symmetric group Si 
acts on {ei, ...,6;}. Let Uij be the transposition that exchanges with Cj. The 
action of Wl.o over x{S) M = ® Mei is induced by the action of Ni^e (T^) over 
C[r • xo]^^). Moreover NLe{T'^) stabilizes C[T • xo\^'^\ so VFl,^ stabilizes the 
basis {ei, ...,e;} of x(S') R; in particular PV^.e exchanges the e^. We want to 
describe the image of WL,e in Si. 

Lemma 2.13 IfT-xo is smooth, then, for every restricted L-root a, there are 
two indices i and j such that a — Ci — Cj; in particular a a — <7i,j- Moreover 
RL,e is reduced. 

Proof of the Lemma [2.1!A The orthogonal reflection ctq, of x{S) <8>K stabilizes 
the basis {ei, ...,ei\. Thus CTq, can exchange only two of the e^, otherwise the 
(— l)-eigenspace would have dimension at least two. Suppose now that CTq, it,; j , 
then cra{ei — Cj) — — (e^ — Cj), so — Cj is a multiple of a. Moreover it must 
be an integral multiple because Ci — Cj = c^aiej) — Cj and Cj is a weight. We 
can write a as an integral linear combination of the Cj in a unique way, so 
Ci — Cj — ±a. Moreover, there is not a restricted root a such also 2a is a 
restricted root. Otherwise, by the previous part of the proof, there is i and j 
such that (Tq — a2a = o'ij and a — 2a — ±{ei ~ Cj), a contradiction. □ 

Lemma 2.14 If T ■ xq is smooth, then, for each fixed j , there is a subset 
{e{, Cj ._(_]^} of {ei,...,e;} such that the .simple restricted roots in R'{^ g are 

e\ — €2,..., ej_ — ej._^j^: in particular R^'j^ g has type Ai. . 

Proof of the Lemma \2.14\ The vectors Ci — Cj and — are orthogonal if 
and only if the sets {«, j} and {h, k} are disjoint. Indeed — 
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(e/,. — Bk) ~ af,.-ej{&h — &k)- Let a\ be an extreme simple root of i?^ g. Clearly 
we can choose e\ and 63 so that (x[ is equal to e{ — Cj. Suppose that there 
is a subset {e{, •■•,e^} such that is equal to — e^_,_^ for each i < s (with 
s < ■ + 1) and let eu — e/c be a simple root which is not orthogonal to 
the space generated by a\,...,oPg_-^. Neither nor belongs to {ej, ...,eg_j^}, 
otherwise the Dynkin diagram would contain a cycle; thus (a^, a^) = for each 
i strictly lesser than s — 1. Hence {a{,oPg_i) ^ 0, so is equal either to et or to 
Cfc. On the other hand, cannot be equal to e^, otherwise the root a^j {cP^^i) 
is equal to el_^ - en = e-^_i - 6^ + - = a^^^ - a^. Thus = e/j, we 
can define e'^j^i = Ck and the first part of the lemma is proved by induction. In 
particular, the Weyl group of i?^ g is isomorphic to 5*;^+!. Therefore i?^ g has 
type Ai-, because RL,e is reduced by the Lemma [2.131 □ 

Remark 3. The sets {ej, e^.j^i} are pairwise disjoint because the sets i?^ g 
are pairwise orthogonal. Thus we can index the basis {ei, e;} as {e}, e^^^^j^, e\, 

ef^^i, e^^^ J, so that = el - e\^^ for aU i and j. 

Lemma 2.15 Suppose T ■ xq smooth and let be X)/i=i ^1 eac/i i and j . 
Then C{ZY H x{S) is generated by the . 

Proof of the Lemma \2.15\ By the Lemma 12.91 and the diagram (2.1) we 
have C{ZY = cone{e\, ...,e^^^-^) D C+. Using the Lemma B.14[ one can easily 

show that the i-th fundamental weight loI of i?-^ ^ is equal to -[-^{{Ij + 1)A^ — 
iXf_^_^). Moreover, Xj__^-^ is invariant by Wl^b for each j, so it is orthogonal 
to spanR(i?L_6i). Hence cone(e}, e^^_|_^) n C+ is equal to cone{Xl, Xl^_^_-^). 
Indeed the restriction of {uif, ■) to spanK(i?L.e) coincides with the restriction of 
(A^, •) for each i < Ij- Thus C+ C cone(A}, X'j^^^-^)+cone{—Xj^^-^^, — A^^^^, — A'^^;^); 
moreover, if a vector "^a^Xj — '^bje^ belongs to cone(eJ, ^j^), then 

+1 = M +i is positive for each j. □ 
Conclusion of the proof of the Lemma \2.12l The Lemma l2 . 1 51 implies the sec- 
ond condition of Theorem l2.2l The type of RL,e is nr=i Lemma [2. 141 
on the other hand, rankG/H > J2^=ii^i + 1) because of the Lemma [2.141 and 
of the Remark 3. The last condition of Theorem 12.21 is easily verified using the 
Lemma 12.141 and the definition of the A^ . □ 

Next, we come to the converse of Lemma [2. 121 

Lemma 2.16 Suppose that the conditions of the Theorem \2.2\ are verified. For 
all j, let e{ be X{ and let e^^i = tr^ie^ for every i < Ij. Then fl x{S) is 

0j^-Z+e^ and el_^_^ — Xl_^_^ — A;^ for each I < i < Ij; in particular T ■ xq is 
smooth. 

Proof of the Lemma \2.16\ Recall that T ■ xq is the toric variety associated 
to the cone = Wl.b ■ C{Zy , where C{Zy is equal to cone{Xl, X"^^^^); 

thus cone(eJ, ^-^) is contained in <r^. We define lOq :~ Aq :~ for all j (we 
use such definition only in the current proof). We prove that el^i = ^l+i ~ A^ 
by induction on i. Suppose that this holds for i — I and notice that A^ = 
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uij^ + -f-^^.^i for each j and h < Ij + 1 (here ivj^ is the h-th fundamental 
weight of Rig). We have ef^^ = a^, (A^ - A^^J = j-jr^i+i -^'-i) = 

FTT-^fj+i + ^i+i ^ ~ -^i+i ^ -^i ' because the Aj^.^j^ are invariant under Wl,0. 
The equahty ej^^ = j-^^^+i + ^i+i - imphes that a^j eJ-^^ ^ el^^ only if 
h is equal to i + 1 or to i. Thus cone(e}, ^-^) is stabilized by Wl.o, hence 
it is equal to because it contains C(Z)^. □ 

Remark 4. Suppose that the conditions of the Theorem 12. 21 are verified. The 
previous lemma together with the Lemma 12.141 imply that a{ — 2Aj — Aj and 

= + 2A^ — A^_,_^ for each j and i > 1. 

In the following lemma we need that L is as in the Remark 1; indeed, without 
such assumption the Lemma 12.181 is false. 

Lemma 2.17 IfT-xo is smooth, then Z is smooth. 

First, we consider a particular case. Recall that, supposed T ■ xq smooth, 
Rl.o has type H^h- 

Lemma 2.18 Suppose that Rl,9 has type Ai^i and that dimZ{L) = 1. Then, 
there is one subgroup C C Nl{L^) and one affine embedding Z of L/H^ 
such that the closure of T ■ xq in Z is smooth (we request that H Z(L)^ = 
{±1} C C* = ZiVf). Moreover: i) Hl and Z are unique up to an equivariant 
isomorphism; ii) Z is smooth. 

Proof of the Lemma [2.18i We have already show in the proof of the Lemma r2.11l 
that, there are one subgroup H' and one affine i-variety Z' such that: i) 

C H' C Nl{L^); ii) Z' is an affine smooth embedding of L/H'\ such va- 
riety is unique up to an equivariant isomorphism and the closure of T • in it 
is smooth. Therefore, by the Lemma 12.161 it is sufficient to prove that there is 
one C Hl C Nl{L^) and one affine embedding of L/Hl (up to equivariant 
isomorphism) satisfying the conditions of the Theorem 12.21 

Let Hl be a subgroup of L and let Z be an affine embedding of L /Hl satisfy- 
ing the conditions of the Theorcm l2.21 write C{Z) — cone((a})^, {a\_i)'^ ,vi). 
To determine Hl is sufficient to determine Ht (see [T?.^, §2.2, Lcmme 2). 
First, we determine the subgroup -ffTn[L,L]- Observe that ^ilX'^ia])^ — 
X*(r n [L, L\/T n [L, Vf) has finite index in x*{T n [L, L\/HTn[LX\) and that 
X*{Tf\[L,L\lHTn[LX]) is contained in x* ('5') • ^ence x*{T r\[L,L\/ HTn[L,L]) is 
©i=i "^{o^lY and i?Tn[L.L] is T n [L, L]^. On the other hand we have supposed 
that Hz^L)o = {Z{L)y\ thus X := x(r n [L, L]/ffrn[L,L] x Z(L)7i?z(L)o) is 
x{T/T^) = lu)} for an appropriate integer h, so x{S) has index at 

least I in x (observe that x{Z{L)^)®M. — because A;^ is orthogonal to all the 
simple restricted coroots). There is exactly one subgroup K of Nl{L^)/ of 
order at least I not intersecting neither iV[/, 2,]([L, Vf)/[L, Vf nor Z{Vf /{±.id}. 
Indeed iV[i_2^]([L, _L]^)/[L, L]^ is isomorphic to the fundamental group of RL,e^ 
namely the cyclic group of order Z; on the other hand all the finite subgroups 
of C* are cyclic. Therefore Hl/L^ is equal to K, so x*{S) and Hl are uni- 
vocally determined. By the Remark 4, we can suppose that {a\,vi) — —5ij-i 
up to isomorphism. On the other hand, {(aj)^,..., (a;^_j^)^, wi} is a basis of 
X*(5), thus the image of vi by the projection {x*{Z[L)°) ® R) ® 0R(a,i)'^ 
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X*{Z{L)^) ® R is determined up the sign. Therefore C{Z) is univocaUy deter- 
mined up the automorphism of L which is the identity on [L, L] and coincides 
with 9 on Z{L)°. On the other hand, D{Z) = D{L/Hl) because Z is afhne 
and dimC{Z) ~ rankx*{S) (see jSI, CoroUaire 2, page 51). Therefore, Z is 
univocaUy determined up to automorphism. □ 

Proof of the Lemma \KT1\ Let {{a\y , ...,{a\Y ,vi,{aiy , {a\Y ,V2, 
■ ■■TVq} be the dual basis of {A}, A;^^^;^, A^, ...,A^^^^}. Write L = 

X T with {Li,B) indecomposable and T = Z{Lf. Let Tj be the inverse 
image in of Im{vi) C S and define L'^ = LiTi. Observe that x*{Z{L)^) is 

\x*{Z{Lf/Hz(Lr), X*iT' n L'jHr^nLO is '^v, ® 0^^+' na)Y and x*{S) is 
®^ X*{T^ n L'J Htihl'^- Thus L is the direct product of the L'^ and Hl = 
UHl'^. Hence L/Hl ^UL'JHl',. We have = ELi cone(Al, Aj^+i), 

hence Z is the product of the affine embeddings Zi of L[/H]^i corresponding re- 
spectively to the colored cones {cone{\\, ...,X\.j^-^)Y , p~^{{a\ , ...,a^.})). These 
embeddings are smooth by the previous lemma, so Z is smooth. □ 

Remark 5. Let X be a smooth simple symmetric variety and suppose for 
simplicity that x{S) has rank equal to the rank of Rl plus one, in particular that 
Rl is irreducible. We want to remark that there is only one way to index the 
basis of x{S) that generates C{Xy so that it verifies the third condition. First, 
observe that indexing this basis is equivalent to indexing the dual basis of x*{S)- 
Write C{X)r\x*{S) = 0,1+ {a]y ®1+vi. If we request that {a], a]) ^ only 
if I G {j — 1, j, j + 1}, then the index of {(a})^, {a]_iY} is defined up the 
non trivial automorphism of the Dynkin diagram. The third condition of the 
theorem implies that a\ — 2\\ — \\ and a] = ~X\-i + 2A,J — for each 
j > 1; in particular (a^,wi) — —6i-i^i. Hence the condition {al_^,vi) ~ —1 let 
us determine completely the indexing of the basis {(aj)^, (a;^_j)^, w}. 

3 Smooth Complete Symmetric Varieties with 
Picard Number One 

In this section we always suppose G semisimple. We classify the smooth com- 
plete symmetric varieties with Picard number one and we prove that they are 
all projective. Let X be a smooth complete symmetric variety of rank I. Let r 
be the number of colors which do not belong to X and let m be the number of 
one-dimensional cones which are faces of a colored cone belonging to the colored 
fan of X. Observe that we consider also the one-dimensional faces which do not 
intersect the valuation cone. It is known that the Picard group of X is free and 
its rank is equal to r + m — /. In fact, the rank of Pic{X) is equal to cardinality 
of D{G/HY D{X) minus the rank of G/ H plus the rank of the group composed 
by the functions over G{X) which are linear over each colored cone of X and 
assume integral value over x*{S)^C{X) (see [3], §5.2, Theoreme); moreover the 
maximal colored cones are generated by a basis of x,(S'). If Pic{X) has rank 
one, then there is at most one color which does not belong to X. We have two 
cases: i) there is one color which does not belong to X and X is simple (r = 1 
and m ~ l): ii) all the colors belong to X and rn = I + 1. 

Lemma 3.1 IfG/H has a smooth completion X with Picard number one, then 
G/H has exactly I colors. Moreover, any maximal simple open G -stable subva- 
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riety of X has still Picard number one. 

Proof. There are exactly I + 1 _B-stable prime divisors on X because r + m = 
I + 1 and p is injective over D{X). Among them, there must be at least one 
G-stable divisor. (The cones spanned only by colors intersect the valuation cone 
just in 0). On the other hand, there are at least I colors. Hence there are exactly 
I colors corresponding to I distinct restricted coroots. □ 

Notice that N{X) contains one vector, say v. Let X be a maximal simple 
open G-subvariety of X. In the following we denote by L the standard Levi 
subgroup of the stabilizer of Xb- First of all, we prove that either i?G,e is 
irreducible or has type Ai x ^i; next we will do a^ case- by-case analysis. In 
some cases we will classify first the possibilities for X and in a second time the 
possibilities for X. Observe that in the previous section X was always a simple 
variety. 

Lemma 3.2 (i) The root system Rl^o is irreducible and has type 

(ii) Denote by a the simple restricted root such that does not belong to 
p{D{X)). Then a must be an endpoint of the Dynkin diagram of Rg,0- 

Proof. The rank of Rcfi is equal to rank of Rlm plus one, because p{D{X)) 
contains I — 1 elements and p is injective. On the other hand, as X is smooth, 
the rank {Ro.e) is also greater (or equal) than rank (i?L,e) plus the number of 
connected components of the Dynkin diagram of RL,e- Thus the first point of 
the lemma follows. To prove the second point observe that the Dynkin diagram 
of RLfi is obtained from the one of i?G,e by removing the vertex corresponding 
to a. □ 

Lemma 3.3 The root system Rg,9 is irreducible or its type is Ai x Ai. 

Proof. Suppose that Rafi is reducible, then its type is either x Ai 

or Ai-i X BCi, because of Lemma 13.21 We index the simple roots of Rofi 
so that ai is orthogonal to the other simple roots and we denote by uji the 
first fundamental weight of the subroot system of type in particular we 

assume D{X) = {£>Q,y}j<j. The variety X cannot be complete, otherwise C{X) 

contains —loX- Notice that C{X) contains also ujX , because lS( is a linear 
combination of a^, a^_i with positive coefficients. There is another maximal 
simple subvariety with colors {D^^j^j^i for an appropriate i < I, because X 
is not complete and X contains exactly one G-stable divisor. Hence, by the 
Lemma 13.2) there is i < I such that ai, generate a root system of 

type Ai^i. This is possible only if I is equal to two and Rofi has type Ai x Ai. 
□ 

Remarks 6: i) by the previous two lemmas, the variety X may be non-simple 
only if Rcfi has type Ai x Ai, Ai, B2, Di or G2; ii) because of the Remark 5, if 
p{D{X)) = {aX, ...,Q!;^_^}, then (a/,w) is equal either to —5is or to —5ij-i for 
each i <l — 1\ iii) \i G/ H is Hermitian then, by the Lemma [3.11 H — Nc{G^) 
and there are no exceptional roots. 

In the following we do a case-by-case analysis. 

i) Suppose that Rg,9 is reducible. We have seen that it has type Ai x Ai 
and that X is not simple. Thus X is covered by two simple open subvari- 
eties whose associated colored cones are respectively {cone{a'X ,v), {Da'^}) and 
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{cone{a2 , v), {D^v }); so v = —uj^—uj2 because of the Remarks 6. Observe that 
the lattice generated by and v is equal to the lattice generated by a2 and v; 
more precisely, it is the lattice Z2lui ®Z{lui +UJ2) ■ Let {Ai, A2} be the dual basis 
of {ai,v}. We have Ai = ^ai — ^a2, A2 = —02 and ^(SAi — A2) = ^ai = uJi. 
We can proceed in the same manner for the dual basis of {a2,v}. We have 
proved that in this case X is smooth. 

In the following we always assume Rce irreducible. Moreover, we number 
the simple restricted roots as in [S]. 

Lemma 3.4 Let {G,9) be an indecomposable involution and let {cone{aY , 
a]^_i, v), p~^{{ai , a]^_^})) be a colored cone in x*{T^) (81 K- There is at 
most one subgroup C H C Nc{G^) such that the embedding X of G/H 
corresponding to the previous colored cone is smooth. 

Proof of Lemma \3.4\ Suppose that a such group exists; in particular Rl^ 
has type We can suppose that {a^, w} is a basis of x*{S)] let 

{Ai, A;} be the dual basis. We have to prove that x*(5'), or equivalently w, 
are univocally determined. Notice that v is determined up to a multiplicative 
constant because it generates a one-dimensional face of the fixed colored cone. 
Moreover, if we substitute v with a multiple, Ai, A;_i do not change because 
(Ai,w) = for each i < I. Thus, it is sufficient to prove that there is a unique 
possibility for A/. By the Theorem 12.21 A; is equal to l{Xi — wi), thus it is 
univocally determined (here uji is the first fundamental weight of the root system 
generated by Qfi, a;-i). □ 

ii) Suppose that Ro.e has rank one. Then, for each H such that G^ C H C 
Ng{G^), there is a unique (non trivial) embedding and it is simple, projective, 
smooth, with Picard number at most two and D{X) equal to the empty set. 
The group Pic{X) has rank two if and only if G/H is Hermitian and H = G^ . 
In this case we have two possibilities: i) (G, 6) has type AI , G/H is isomorphic 
to SL2/SO2, the restricted root system has type Ai and X is isomorphic to 
Pi X Pi; ii) {G,e) has type AIV, G/H is isomorphic to SLn+i/S{Li x L„), 
the restricted root system has type BCi, X is exceptional and isomorphic to 
P" X (P")*. 

In the following we always assume that Rg,0 has rank at least two. We will 
work with the standard inner product over R" and we will denote by {ei, e„} 
the usual orthonormal basis. One can realize a root system of type Ai^i as the 
set {ei — Cj \ i ^ j} contained in the vector space {Y^atCi S K' | X] '^j ^ 0}. 
Moreover, {ei — e2,...,e;_i — e;} is a basis of the root system and the j-th 
fundamental weight is ^{l ~ J ^i)- 

iii) Suppose that Rce has type Ai. As before, we can realize Rc.e as the 
set {ci — Cj I i j} C K'"*"^; in particular we can identify the restricted 
roots with the corresponding coroots. Up to an automorphism of the Dynkin 
diagram, we can suppose that p(D{X)) = {ai, First, we consider 
the case where X is simple, i.e. X is complete and coincides with X. In this 
case G{X) is generated by — and p{D{X)). Indeed —u!2 = ai — 2u!i and 
-LOj+i = J2i=i '^3 - ^1 - ^3 for each j = 2, ...,l - 1. We set fi = -ei-i+i 
and 7i = ai-i, so that 7^ = - /i+i and -wi = j^iif + 1)/; - Yl\=o fi) 
(we allow i to be zero). We have renamed the simple restricted roots so that 
(7;-!, = —1- Let {Ai, A;} be the dual basis of {71, 7i_i, —uJi}. We 
have A, = (ELi/0 - j/o, so {1/1){IX, - jh) = (l/OG ELi /. " jELi /.) 
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is the j-th fundamental weight LOj of the root system generated by 71, ...,7/_i. 

Hence, the symmetric variety with p{D{X)) = {ai, Q!/_i}, N{X) — {—uii] 
and X* (S) equal to the weight lattice of g is smooth. It is the only possibility 
for a simple X because of the Lemma 13.41 

Now we classify the X which are not simple. In this case X has two 
closed orbits; indeed the maximal colored cones of the colored fan of X are 
{cone{ai, u), {ZJ^v , D^yJ) and {cone{a2, ...,ai,v), {Da^ , Day})- 
Let buji be the primitive vector of M+wi; we have 1 < b < l+l. Suppose first that 
{v, ai-i) = —Si^i for each i < I; then v = '^«7i ~ ^'^Ij where the 7^ are as 

before. The ai are positive integers, because —C^r\x*{S) C Z+(— '^'^Ji', 
the coefficient of v with respect to — wi is 6 because ^&a;i belongs to the the 
lattice generated by 7i,...,7i_i and v. Let {Ai,...,Ai} be the dual basis of 
{71, 7i_i, z;}; we have A; — (1/&)A; and Ai = Ai — {ai/b)Xi for each i < I. Be- 
cause X is smooth we have ujj = j{lXj — jA/) = — jXi) + j{j — ^ — 
so flj — '"^^P'' ■ In particular I divides 6 — 1 , so either 6 = lor6 = Z + l. If 6=1, 
then the aj are all zero and X is complete, a contradiction. If = Z + 1, then 
aj — j for each j and v = —uji — tj; is a root. Thus x('S') must be the weight 
lattice of Rce- Notice that — cji —uji = —ai — ... — a;, so {ai-i, — wi —uji} 
is a basis of x*iS). Observe that —lui ~ coi is fixed by the non trivial automor- 
phism of the Dynkin diagram. Next, suppose that {ai,v) = —6i^i-i for each 
i < I, so V ^ —LUi^i — auJi. We exclude this case because the simple variety 
associated to cone{a2, a;, v) is not smooth. 

We have proved that, if X is not simple, then it is covered by two simple vari- 
eties corresponding to the colored cones {cone{ai, a;_i, —uji —toi), {-Dq,v , 
Day j}) and {cone{a2, — — (^i), {-Dq,v , D^y }). If / is at least three, 
then —ll>2 does not belongs neither to cone{ai, a;_i, — wi— wj) nor to cone{a2, ■ 
uJi); thus / must be two. In this case, the previous colored cones define a com- 
plete variety because cone(— ai, —ai — 02) C cone{a2, — ij^i — ^2)- 

iv) Suppose that Rce has type Bi with I > 2; then X must be simple. 
Observe that the dual root system has type C; and p{D{X)) = {a^, ...,a^_-^}. 
We can realize Rcfi as the set {±(ei±ej) | i ^ j/}U{±e,i} C M'; moreover we can 
suppose that the basis of Rg,b is {ei — e2,...,e;_i — e;, e;}. The dual root system 
is {±(ei ± Cj) |j 7^ j} U {±2ei} C and has basis {ei — e2,...,e;_i — ei,2ei}. 
Notice that the cone generated by p{D{X)) and — C+ is equal to the cone 
cone«,...,a;^_i,-a;i^). Indeed -uj^i = < - and -w,^ = Ej=l - 
i^X - for j > 3. If x{S) is the root lattice of i?G,e, then C(X) n x*{S) is 
generated by {a^ , — wj^}, which is a basis of x*('5'). Now we can proceed 
as in the case of Ai , because the Cartan numbers (a^ , aJ ) with j < I are equal 
to the ones of Ai; explicitly we define fi = — ej-i+i and 7^ = aj-i, so that 
-cji = -cj}^ = /(, 70 = -/i and 7^ = 7^^ = - fi+i for each i = 1, Z - 1. Let 
{Ai,...,Ai} be the dual basis of {7^, 7^'^^, — w^}; we have A^ = J2h=i f^^ so 

- jXi) = Y.h=i fh - j fh) is the j-th fundamental weight 

of the root system generated by 71, ...,7i_i. We have proved that in this case 
X is smooth. It is the only possibility because of Lemma 13.41 

v) Suppose now that Rg,9 has type C;. Then X must be simple and p{D{X)) 
must be equal to {a\ , ...,a^_-^} . Observe that the dual root system has type 
Bi. We can realize Rce as {±(ei ± Cj) \ i ^ j} U {±26.;} C M' with basis 
{ei — e2,...,ei_i — e;, 26;}; the dual root system is {±(6; ± Cj) | i / j} U {ie.;}. 
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The cone generated by p[D{X)) and — C+ is cone{a\ , ...,a^_-^, —u}\). Indeed 
-uj^ = aX - 2uX, -uj^l = Y.T=i - - ^'t-i for 2 < i < Z and -2uj]' = 
Yl^^i Q^j — — ^'i-i- The lattice x*{S) is generated by the restricted coroots 
because uj]^ does not belong to Z(— w^) ® ©'li Za^; thus G = . We have 
to exclude the cases where G/H \s Hermitian, because in such cases X would 
have rank two. The set {a^ , —oJi} is a basis of x*{S) because —oj^ — 
-Z^Li"/- We define fi = -e;_j+i and 7^ = a/_j, so that -uji = -tjj^ = 
70 = -2/1 and 7^ = 7^^ = /i - /i+i for each i = 1, I - 1. Let {Ai, A;} be 
the dual basis of {7^, ...,7j^-^, —loi}, then \j — fh and (l/^)(ZAj — jXi) = 

(l/0(^X]i=i ~ iS'=i /«) is the j-th fundamental weight of the root system 
generated by 71, ...,7/_i. Thus, X is smooth if C{X) = cone{'ji , —loi} 

and x*{S) = ®\^o'^lij it is the only possibility because of Lemma [Jill 

vi) Suppose that Rce bas type B2- We can reahze i?G,e as in the case of 
Bi with I > 2. First suppose that p{D{X)) = {a^} and write v — —auif — bu!2 ■ 
Let {Ai, A2} be the dual basis of {a^ , w}; we have Ai = —a2 — -^^^^i—Cd — ^a-i) 
and A2 = ^j^26(~°^i ~ 2a2)- We have a — \ because ^(2Ai — A2) = ^(— 2a2 — 
^^||(— Qi ~ 2a2)) must be \a\. On the other hand 1 + 26 divides 2 because 

A2 is a weight, so 6 = 0. Hence v — in particular X is complete and 

is the restricted root lattice because —lo^ — + (x{. We have proved 

that there is only one smooth, simple embedding with Picard number one and 
p{D{X)) = {a^}; moreover it is complete. Thus there is no a smooth, complete, 
non simple embedding with Picard number one, because otherwise it would 
strictly contain a simple, open, smooth G-subvariety X with Picard number 
one and p{D{X)) = {a^}- Finally, we consider the case in which X is simple 
and p{D{X)) = {a2}, so C{X) = cone{— to 2 ^ 02) ■ Because of the completeness 
of X , one can study this case exactly as the case v) of C„. Observe that if G/H 
is Hermitian, then we have to consider only the first possibility, because in the 
second case the Picard number would be two. 

vii) Suppose now that Rce has type BCi. We can realize Rce as the set 
{±(ei ± Cj) \ i ^ j}U {±2ei} U {±6,} C M'; we can also choose {ei — e2,...,e;_i — 
ei,ei} as basis of Rce- The weight lattice is equal to the root lattice; moreover, 
BCi coincides with its dual root system in this realization as subset of (but 
(a a) '^^^ different from a). We proceed as in the cases of Bi and C;. The 
G-variety X must be simple; hence C{X) is the cone generated by — G+ and 
p{D{X)), namely {cone{ai , ...,a'f_-^,—u}i). Observe that we exclude the case 

where I — 2 and p{D{X)) = {ctj }, because R^^e would have type BCi. The set 
{a(, ...,q;^_^, —u}\} is a basis of the restricted coroot lattice because u\ = ei; 
now, one can prove the smoothness of X exactly as in the case of Bi. 

viii) Suppose that Rafi has type Di. We can realize Rafi as the set {±(ei ± 
Cj) I i 7^ j} C K'; moreover we can choose {ei — e2,...,ei_i — e;, e;_i + e/} as basis. 
In particular, we can we identify the restricted roots with the corresponding 
coroots. We can suppose, up to an automorphism of the Dynkin diagram, that 
p{D{X)) = {ai, q;;_i}. Suppose first that {ai,v) = —5i^i for each i < I, so 
V = X]!=i(*'^ + i — l)Q!i + (' ^''°^'~'^ q;;_x + ia+^i-i Q,^ fQj. g^jj appropriate constant 
a. The restricted root ai belongs to Zv © Za^, thus its coordinate with 
respect to w, namely , is an integer. On the other hand v = —uJi — buJi; 
we obtain 2a = —6 — 2 comparing the coordinates of v in the bases of the simple 
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restricted roots, respectively of the fundamental spherical weights. The previous 
facts imply that 6 = 0, so u = —ui. We set fi = — and 7^ = Q;;_i, so that 
-wi = /;, 70 = -/i - /2 and 7^ = /j - /j+i for each i = 1, - 1. Defining 
{Ai, A;} as the dual basis of {71, 7;_i, v}, we have Aj = Y^l^^ fi for each 
j, thus {(ZAj —jXi) is the j-th fundamental weight of RL,e- Moreover the lattice 
X*iS) is freely generated by wi, aj;_2, "^i-i +^^'(,20;;. 

Suppose now that {ai,v) = —Sij^i for each i < I, thus = —wi-i — bwi. 
Moreover v has to be equal to + '^^ — ^2°~^ Q:;_i + a; for an ap- 

propriate constant a. We compare the coordinates of v in the bases of the 
simple restricted roots, respectively of the fundamental spherical weights, ob- 
taining 2a = —b — 1. On the other hand, the restricted root ai must belong 
to the lattice generated by {ai, a;_i, t;}, so its coordinate with respect to 
V, namely 7^^, must be an integer; hence a = — |, v = —uii-i and I is equal 
cither to four or to six. If Z = 4 we can reduce this case to the one where 
C{X) = cone{ai,a2, 0:3, —u>i) by an automorphism of the Dynkin diagram. Fi- 
nally consider the case where I = 6 and C{X) = cone{ai, as, —CO5). The vari- 
ety X must be complete because the simple symmetric variety corresponding to 
{cone{ai, 0:4, ag, — ^^^5), {Da'^ , ZJ^v , D^v }) is not smooth. But —0)3 is equal 
to — |w5 — jcti — — |a3 + 1^5, so it does not belong to cone{ai, 0:5, — ws), 
a contradiction. 

We have proved that, if I is different from four, then there is at most one 
complete symmetric variety X with the requested properties and it is such that: 
i) X* (S) — '^^i ® '^{'^l-i + w;) ® Z2uji; ii) the corresponding colored fan is 

formed by (cone(ai, aj^i, -wi), {I?qv , D„v_ J), by {cone{ai, ai^2, 
—u)i), {DaV,..., £)qV ^,£)(jv}) and by their colored faces. We have to show 
that these combinatorial data define a variety and that this variety is complete. 
To verify that these colored cones define a colored fan it is sufficient to prove 
that the intersection of cone(ai, aj-i, —oJi) with cone{ai, ai-2, cti, — wi) is 
cone{ai,...,ai-2,-u>i). Let J2''^ll aiUi + bai - cwi = ^^'"^(ai - 26)ai - 6ai_i + 
(— c+26)ti)i be a vector in the intersection, then b is equal to zero. The variety X 
is complete because cone{ai, ai-i, —coi) n — C+ = cone(— wi, —oji-2, — wj-i — 
(Ji, -ui) and cone{ai_,...,ai-2,ai, -ui) n -C+ = cone{-u)i_, ...,-0Ji-2, - 
u)i, —LOi^i). If I is equal to four, we can proceed in an analogous way. 

If i?G,ei has type Ei, we number the simple roots so that ai, a2, a^, ...,ai 
generated a root system of type moreover we choose the inner product 

so that ai = for each i. Thus p{D{X)) has to be {ai, a2, cks, a;} and X 
must be complete. 

ix) Suppose that Rafi has type £^6- Up to an automorphism of the Dynkin 

diagram, we can suppose {ui.v) = —Si^ for each i different from two. Thus 
V = ^ttiUi = —au>2 — ojQ, where a is a positive integer. We compare the 
coordinates of v in the bases of the simple restricted roots, respectively of the 
fundamental spherical weights, obtaining 02 — —2a — 1. On the other hand, 
a2 belongs to the lattice generated by ai, 03, uq, v, thus (02)"^ is an integer; 
hence v has to be —loq ■ The weight —3uji is equal to —Suiq — 2a\ — as + as -|- 2a6 , 
so it does not belong to C{X). Thus X is not complete, a contradiction. 

x) Suppose that Rcfi has type £7 and write v = ^ajaj. The coefficients 
Oj belong to because t; is a weight. Moreover (02)"^ is an integer, because 
a2 belongs to the lattice generated by ai, as, ay, w, thus 02 is equal either 
to ±1 or to ±i. First suppose that {ai,v) = —5i^x for each i different from 
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two, so V = —uji — auj2 for an appropriate positive integer a. We compare the 
coordinates of v in the bases of the simple restricted roots, respectively of the 
fundamental spherical weights, obtaining a — j{—a2 — 2); thus a is not integer, 
a contradiction. Finally, suppose that {aj,v) = —1. We have only to study the 
basis {Ai, A7}, where Ai = cji — ^^2, \ ~ ^i+i — ^^^^^2 for 1 < i < 7 and 
A7 = ^W2. Comparing the second coordinate of j{7Xi — Ay) (with respect to 
the basis {ai, a-/}) with the one of the first fundamental weight of RL,e, we 
obtain 7ai = 4a2 — 1. Thus 2(4a2 — 1) is integral multiple of 7, a contradiction. 

xi) Suppose that Rce has type Eg, and write v = aiai. Notice that the 
root lattice of Rofi is equal to the weight lattice. The integer a2 is ±1 because 
{ai, as, as, w} is a basis of x*(<S'). First, suppose that v = —ui — aui-i for 
an appropriate positive integer a. We compare the coordinates of v in the two 
bases, respectively of simple restricted roots and fundamental spherical weights, 
obtaining a = ^{—0,2 ~ 5); so a is not integer, a contradiction. Finally, suppose 
that (agjw) = —1. We have only to study the indexed basis {Ai,...,A8} with 
Xi = uji — —UJ2, Xi = Wi+i — ^^^^UJ2 for 1 < i < 8 and Ag = —uj2- Comparing 
the second coordinate of |(8Ai — As) (with respect to the basis {ai,...,as}) 
with the one of the first fundamental weight of Rl.b, we obtain 8ai = 5a2 — 1. 
On the other hand, 5a2 — 1 cannot be a integral multiple of 8, a contradiction. 

xii) If Rg.9 has type F4, then Rl.o cannot have type A3 and there are no 
simple smooth varieties with Picard number one. 

xiii) Suppose that Rg,9 has type G2 (and assume ai short). Write v — 
—aoji — buj2 and observe that the weight lattice coincides with the root lattice. 
First, suppose that D{X) contains D^^j , hence X contains a simple smooth 

subvariety X with C{X) = cone{ai,v). Let {Ai,A2} be the dual basis of 
{a'(,v}. We have Ai = -^a2 + 9^^(3ai + 2a2) and A2 = ~ 3a+2fc ('^"i + 
202). Thus 3a + 26 must divide 2 and 3, so it must be 1, a contradiction. 
Thus X is simple and C{X) — cone{a2, — w^)- The dual basis of {02, — ^2 } is 
{— ai, — a2 — 2ai}. Moreover 5(2Ai — A2) — \a2 is the fundamental weight of 
Rhfi- Thus the variety associated to {cone{a2, —102), D^)^) is smooth. 

Lemma 3.5 Every smooth completion X ofG/H with Picard number one is 
projective. 

Proof. It is sufficient to consider the varieties which are not simple. There 
are exactly two maximal colored cones, say (<ri, h) and (^2, 12)', moreover there 
are exactly two colors, say Di G Ji and D2 & I2, which do not belong to /i fl /2. 
We claim that Di + D2 is an ample divisor. Indeed, let (p be the function over 
Uc:2 corresponding to Di +D2 (see Theorem 3.1 in [T]) and let k be the linear 
function which coincides with ip over q. The cone q is generated by p{Di) and 
<;i n<;2; moreover p{Di) and p{D2) are permutated by the reflection with respect 
to the hyperplane generated by <Ji fl <r2- Thus li{p{D2)) = — 1 < 1 = p{p{D2)) 
and l2{p{Di)) = — 1 < 1 = p{p{Di)), because spanR(<;i n (^2) is the kernel of 
both li and Hence (p is strictly convex over the colored fan of X. Moreover 
D{X) = D{G/H), therefore Di + D2 is ample by Theorem 3.3 in [T]. □ 

We have proved the following theorem: 

Theorem 3.1 Let G be a semisimple simply connected group and let G/ H be 
a homogeneous symmetric variety. Suppose that there is a smooth, complete 
embedding X ofG/H with Picard number one. Then: 
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• Given G/H, there is, up to equivariant isomorphism, at most one embed- 
ding with the previous properties. 

• The symmetric variety X is projective. 

• The number of colors of G/H is equal to the rank I of G/H ; in particular 
there are no exceptional roots. If, in addition, I is at least three, then G/H 
is not Hermitian. 

• The restricted root system Rce is irreducible or has type Ai x Ai. 

• We have two possibilities: 

(i) X is simple and D(X) has cardinality I — 1. 

(a) X contains two closed orbits, D{X) is equal to D{G/H) and H has 
index two or three in Ng{G^). 

In particular, X is simple if H = Ng{G^). 

• We have the following classification depending on the type of the restricted 
root system Rg,9 

(i) If Rce has type AixAi, thenxiS) has basis {2oj\,uji-\-W2}; in partic- 
ular H has index two in Ng{G^). Moreover, X has two closed orbits; 
the maximal colored cones of the colored fan of X are {cone{a\, —uj\ — 
<^2)> {-Dav}) and {cone{a^,-ujY -uj^), {-Dav}). 

(ii) If I = 1, then G/H can be isomorphic neither to SLn+i/ S{Li x 
Ln), nor to SL2/SO2. With such hypothesis, G/H has a unique non 
trivial embedding which is simple, projective, smooth and with Picard 
number 1. 

(Hi) If Rg,9 has type Ai with I > 1, we have the following possibilities: 

(a) H = Ng{G^) andX is simple. In this case X is associated either 
to the colored cone {cone{aY , ...,a^^, —to]/), {0^^, ...,D(jV_^}) or 
to the one {cone{a2 ,-. ,—u'l^),{Df^v , ...,Df^v}); 

(b) H = G^ and 1 = 2. In this case X has two closed orbits. The 
maximal colored cones of the colored fan of X are {cone{a\, — w^ — 
^2)ADa{}) and {cone{a^ , -oj^ - w^), {D„v }). 

(iv) If RG,e has type B2, then X is simple and we have the following 
possibilities: 

(a) H = Ng{G^) andX is associated to the colored cone {cone{ai ,—Wi), 

{Da-}); 

(b) H = G^ and X is associated to the colored cone {cone{a2, — ^2 ), 
{Z)(jv}). Moreover G/H cannot be Hermitian. 

(v) If Rc.o has type Bi with I > 2, then H = Ng{G^), X is simple and 
is associated to the colored cone (cone(ai , a;^_j^, — w^), {D^v , 

(vi) IfRG,e has type Ci, then H = G^ , X is simple and corresponds to the 
colored cone (cone(a^, a^^^, — Wj^), {D^v, £)„v ^}). Moreover 
G/H cannot be Hermitian. 
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(vii) If Rcfi has type BCi with I > 1, then H = Ng{G^) = G^, X is 
simple and corresponds to the colored cone {cone{aY , a'i_i, —co^), 

{D,v,..., i?„v_J). 

(via) If Rg,0 has type Di with I > 4, then x*{S) is freely generated by 
oSi, uj'i_2,iS^_-^+ijj]' , 2a;/; in particular H has index two in Ng{G^). 
X has two closed orbits; the maximal colored cones of the colored fan 
ofX are{cone{aX, ...,a{_-^,-ujX), -Da^.i}) and {cone{aX , ...,a{_2, 

(ix) IfRce has type D4, then H has index two in Ng{G^) and X has two 

closed orbits. If x*{S) = Zw,^ © Zw^ © Z(w)' +ujI)(B "^^ujI^ then the 
maximal colored cones of the colored fan of X are {cone{a( ,0^, aj, — w/), 
{£)„v,£)„v,£)„v}) and {cone{a( ,a^,al,-uj^), {£>„v,£)„v, £>c«v}). 

(x) The type of R^e cannot be Eq, Ej, Es or F4. 

(xi) If Rg,9 has type G2 then H = Ng{G^) = G^ , X is simple and is 
associated to the colored cone (cone(a2 , — ^2 )> {-^a^ })• 

Acknowledgments 

We would like to thank M. Brion for many very helpful suggestions. I would 
also thank the referee because his accurate reports are been very useful to me. 

References 

[1] M. BRION, Groupe de Picard et nombres caracteristiques des varietes 
spheriques, Duke Math. J. 58, (1989), no. 2, 397-424. 

[2] M. BRION, Sur la geometric des varietes spheriques, Comm. Math. Helv., 
66, (1991), no. 2, 237-262. 

[3] M. BRION, Varietes spheriques. Notes de cours, 1997. 

[4] R. CHIRIVI and A. MAFFEI, The ring of sections of a complete symmetric 
variety, J. Algebra, 261, (2003), no. 2, 310-326. 

[5] C. De CONCINI and C. PROCESI, Complete symmetric varieties, in Invari- 
ant Theory (Montecatini 1982), Lecture Notes in Math, 996, 1-44, Springer- 
Verlag, New York, 1983. 

[6] C. De CONCINI and T. A. SPRINGER, Compactification of symmetric 
varieties. Dedicated to the memory of Claude Chevalley, Transform. Groups, 
4 (1999), no. 2-3, 273-300. 

[7] W. FULTON, J. HARRIS, Representation theory. A first course, Graduate 
Texts in Mathematics, 129, Springer- Verlag (1991). 

[8] J. E, HUMPHREYS, Introduction to Lie algebras and representation theory. 
Graduate Texts in Mathematics, 9, Springer- Verlag (1972). 

[9] J. M. LANDSBERG and L. MANIVEL, The projective geometry of Freuden- 
thal's magic square. Journal of Algebra, 239 (2001), no. 2, 477-512. 



29 



[10] D. LUNA, Slices etales, Mem. Soc. Math. Fr. (N.S.), 33 (1973), 81-105. 

[11] B. PASQUIER, Smooth projective horospherical varieties with Picard num- 
ber 1 , |arXiv:math. AG/0703576| ^1 . 

[12] L. E. RENNER, Classification of semisimple algebraic monoids. Trans. 
Amer. Math. Soc. 292 (1985), no. 1, 193-223. 

[13] A. RUZZI, Projectively normal complete symmetric varieties and Fano 
complete symmetric varieties, Phd. Thesis, Universita La Sapienza, Roma, 
Italia, 2006, |http ://www.mat.uniromal.it/dottorato.html| 

[14] R. STEINBERG, Endomorphisms of linear algebraic groups. Memories of 
the AMS, 80 (1980). 

[15] D. A. TIMASHEV, Equivariant compactifications of reductive groups, 
Sbornik. Mathematics, 194 (2003), no. 3-4, 589-616. 

[16] D. A. TIMASHEV, Homogeneous spaces and equivariant embeddings, 
preprint, arXiv: math. AG/0602228. 

[17] T. VUST, Plongements d'espaces symetriques algebriques: une classifica- 
tion, Ann. Scuola Norm. Pisa CI. Sci. (4), 17, (1990), n. 2, 165-195. 



30 



